Light coherence properties in optical fibres and visual receptors by Carpenter, David James
LIGHT COHERENCE PROPERTIES IN OPTICAL FIBRES 
AND VISUAL RECEPTORS
David James Carpenter
A thesis submitted for the degree of 
doctor of Philosophy 
at the Australian National University 
Canberra
April 1977
ii
PREFACE
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during this time, the work presented in this thesis, unless stated to 
the contrary, is my own.
None of the material appearing here has been submitted to any 
other institution of learning for any degree.
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ABSTRACT
The optical field on the end of an optical fibre can display 
varying degrees of spatial coherence. The classical analyses of the 
excitation of the fibre have relied on the assumptions that the 
coherence properties of this field can be approximated by either perfect 
coherence or total incoherence, and it has long been appreciated that 
the resulting excitations are markedly different.
It is the purpose of the work presented in this thesis to 
investigate the effects of differing degrees of coherence of this 
excitation field. The investigation has been restricted in the main to 
the bound or guided power of the fibre, and the prime consideration has 
been of current practical communications fibres.
Chapter I provides some necessary background information for 
the thesis and discusses the types of optical fibres to which the study 
is applied.
Chapter II contains a discussion of the theory of partial 
coherence. The history of optical coherence theory is summarised and 
then the formal treatment of the theory is described. In the last part 
of the chapter, an alternative representation of a partially coherent 
field by an angular spectrum of plane waves is introduced. This is of 
considerable importance, as it has been used extensively in the work 
presented here in the framework of the geometric optics description of 
optical fibre excitation.
The need to normalise the power launched into an optical fibre 
by a partially coherent source led to an investigation of the 
diffraction of partially coherent light. This is contained in Chapter 
III. After a discussion of the classical diffraction theory and of 
previous studies of the diffraction of partially coherent light, a 
vector formulation is presented, which is shown to have some advantages 
over the previous analyses. The angular spectrum representation is then
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used to examine the problem, and shown to give some very informative, if 
qualitative, results.
The central problem of the excitation of an optical fibre by a 
partially coherent source is tackled in the next two chapters. In 
Chapter IV the excitation mechanism is discussed in terms of both mode 
theory and geometric optics. A general analysis for polychromatic 
partially coherent sources is then developed and the limiting forms of 
total coherence and total incoherence are derived. A quasimonochromatic 
approximation is also obtained from this general result. A separate 
derivation of the quasimonochromatic form is then presented. These 
analyses are restricted to large V fibres, but are independent of the 
fibre type.
In Chapter V, the quasimonochromatic analysis is applied to 
the step index fibre, giving detailed results for V < 20 and asymptotic 
expressions for V >> 1 and for the two extremes of total coherence and 
total incoherence. A geometric optics treatment of the step index fibre 
is then presented, and shown to be a good approximation for V ^ 10 and 
for more incoherent excitations. The last part of the chapter examines 
the excitation of both step and graded index fibres using a more general 
and detailed geometric optics approach. This approach is shown to be 
very powerful, and is used to examine both the bound and leaky powers 
associated with the fibres.
Particular examples of excitations are considered in Chapter 
VI. In the previous chapters, the source used was the optical field on 
the end of the fibre, with no reference being made to specific physical 
sources. In this chapter the two most important sources, the light 
emitting diode (LED) and semiconductor laser, are examined with 
reference to the results obtained in Chapter V, and with reference to 
the common approximations used. The effect of a lens to increase the 
coupling efficiency of the LED is also examined.
The lens excitation in Chapter VI prompted the investigation 
of the propagation of spatial coherence that appears in Chapter VII.
The propagation of the degree of spatial coherence along an optical 
fibre is investigated first, and the phenomena of coherence enhancement 
is shown to occur in this situation. The effect of the temporal
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coherence of the source, a reflection of the finite bandwidth of any 
physical source, is briefly discussed. A study of the degree of 
coherence in the image of a partially coherent object forms the last 
part of this chapter. The simple rule used in Chapter VI is initially 
derived from intuitive ideas, then shown to be supported by a more formal 
approach, and finally proved by the use of Fourier theory.
The final chapter deals with the previously excluded small V 
fibres. These are of relevance to communications systems, in the guise 
of monomode fibres, and to vision research, where visual photoreceptors 
have been successfully modelled by small V optical waveguides. The 
relevance of the partially coherent excitation theories developed in 
this thesis is discussed with reference to these two examples of small V 
fibres.
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NOTES ON THE TEXT
(i) Chapters of this thesis are referenced by number, e.g. Chapter VI.
(ii) Sections of chapters are referenced by number of chapter and 
section, e.g. section 5.2(b).
(iii) Equations are numbered sequentially in each section and are 
referred to within the same chapter by section and equation 
number, e.g. (5.14).
Equations in other chapters are referred to by chapter, 
section and equation number, e.g. (5.2.26).
(iv) Figures are numbered sequentially in each chapter and are always 
referenced by chapter and figure number, e.g. figure 7.1 or 
(fig. 7.1).
(v) References are numbered sequentially in each chapter and listed 
at the end of each chapter, e.g. [12].
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CHAPTER I
INTRODUCTION
1.1 GENERAL INTRODUCTION
It is only a little over a decade since optical fibres were 
first seriously considered as a long range communications medium [1]. 
Since then huge reductions in material attenuation and new fabrication 
techniques, along with specialised optical sources and detectors, have 
made optical fibre communications systems a practical and advantageous 
alternative to existing metal systems. Size for size, compared to metal 
systems, optical fibres offer the possibilities of greater information 
capacity, arising from a higher carrier frequency, and lower material 
costs. Consequently they have been the subject of considerable research 
effort, both theoretical and experimental, and covering such diverse 
fields as glass and semi-conductor technologies, antenna theory and 
classical geometric optics. The amount of effort applied to the subject 
is well reflected in the several books [2-9] and a sequence of reviews 
[10-18] which give a good indication of the progress achieved.
With the stage having been reached of systems being evaluated 
in field trials, the question of optimisation arises in order to achieve 
the maximum performance within the constraints of existing technology. 
Optimisation involves the whole optical system, and as no dramatic 
improvements in the existing forms of fibre are expected, it remains to 
perfect the sources and detectors and to tailor them to the fibre and 
the needs of the system.
At this point the details of the actual excitation mechanism 
come under scrutiny, involving the properties of the existing sources, 
and fibres, and the way in which the power is coupled into the fibre.
The directional properties of these sources, alignment problems and the
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geometric mismatch between the radiating areas of the sources and the 
fibre core cross-sections have received considerable attention (see e.g. 
[19-21]) because of the gross effects of these factors on the system 
efficiency. A property of optical sources that has been rather 
neglected is that of partial coherence [22], even though it has long 
been known that totally coherent and totally incoherent sources excite 
fibres in very different ways (e.g. [2,3,23,24]).
There have been some investigations of the spatial coherence 
of some sources suitable for optical fibre excitation (e.g. [25,26]), of
the propagation of coherence through a fibre-like medium [27] and of the 
effect of pulse transmission in fibres of the coherence of the source 
[28,29].
It is the purpose of the work presented in this thesis to 
investigate the effect on the excitation of an optical fibre of differ­
ing degrees of spatial coherence of the optical source.
The degree of spatial coherence of an optical source field 
refers to the instantaneous correlation of the field for various pairs 
of points in that field, in a cross-sectional plane. In Chapter II the 
essential elements of partial coherence theory are described and the 
approximations and simplifying assumptions used in this thesis are 
discussed. If the correlation is high for all such pairs of points, 
regardless of their separation, the field is highly spatially coherent, 
while if the correlation is high only for pairs of points very close 
together the field is highly spatially incoherent. Given that it is 
these instantaneous correlations that are intended, the qualifying term 
"spatial" may be dropped for simplicity.
Traditionally, sources used to excite optical fibres have been 
divided up into either totally coherent sources, the lasers, or totally 
incoherent sources, the thermal sources and light emitting diodes 
(LED's). It is well known (see above) that these two types of source 
excite fibres very differently, and it is also well known that the 
concepts of total coherence and total incoherence are mathematical 
idealisations which can not be achieved in practice (see e.g. [30]).
In this thesis, the source is allowed to have an arbitrary
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degree of coherence, this being defined in a plane including the end 
face of the fibre. The properties of the field in this plane may always 
be obtained from those of an actual, physical source, so that without 
any loss of generality, the source used throughout this thesis, unless 
stated otherwise, is taken to be the effective source field. 
Corresponding to idealised optimum and practical conditions, again 
unless stated to the contrary, this field is assumed to be circular, 
symmetric about the fibre axis, and to have uniform intensity.
In the next section, the relevant aspects of optical fibres 
and the theory of their operation are discussed and the necessary 
definitions introduced.
1.2 OPTICAL FIBRES
The history, development and theory of operation of optical 
fibres, or circular cross-section dielectric waveguides, are all well 
documented in the several books and reviews previously referenced [2-18]. 
No attempt is made here to repeat those efforts. The intention is to 
deal with current fibre types and, wherever possible, to use familiar 
techniques; these may mostly be found in those references. The details 
of fibres quoted in this section are taken from the survey paper by 
Sandbank [16] and the collections of papers made by Clarricoats [17] and 
Gloge [18], and so sources are not referenced individually below.
The excitation of and subsequent propagation of light along an 
optical fibre may be described in either of two ways. The classical 
geometric optics treatment ignores the wave nature of light and 
considers only the directions of rays and intensities of light. It uses 
the well known laws of refraction (Snell's law) and reflection to trace 
rays from the source along the fibre. This approach is limited to an 
overall description, and is strictly valid only in the short wavelength 
limit, when the diameter of the fibre core is large compared to the 
wavelength of the light. It does, however, provide results that readily 
yield to physical interpretation and is appropriate, even necessary, for 
large cross-section fibres.
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The electromagnetic mode analysis makes use of the mode fields 
of the structure. These are solutions of Maxwell's equations and 
satisfy the boundary conditions appropriate to circular cross-section 
dielectric waveguides. The analysis seeks to relate the mode field 
strengths to the optical field of the source and involves both the field 
amplitude and phase. Such an analysis provides highly detailed and 
accurate results, and is necessary when the diameter of the fibre core 
is of the same order as the wavelength. However, it does not give 
physical insight and rapidly becomes unwieldy for large fibres as the 
number of modes to be included increases dramatically.
In the appropriate limits, asymptotic forms of the modal 
analysis results may be related to the geometric optics results, as. 
there is a ray direction-mode number equivalence that becomes meaningful 
in the short wavelength limit. These subjects are discussed in greater 
detail in Chapter IV where the mechanisms of excitation are described.
Since the theory of partial coherence is built around the 
optical field, albeit in terms of correlations, it would appear at first 
sight that the modal analysis, which also deals with optical fields, 
would be the more suitable analysis, especially as the mode fields of 
the commonly occurring step index fibre are well known. However, this 
fibre is often used in the multimode (large diameter) form, and the mode 
fields of the alternative graded index fibre can rarely be expressed in 
a convenient functional form. Hence the development of a geometric 
optics approach to partial coherence as discussed in Chapter III means 
that the geometric optics treatment of fibre excitation which may be 
applied to these fibres is more important.
The types of optical fibre of current interest for 
communications purposes have circular cross-sections, operate at near 
visible wavelengths in the infra-red spectrum, use glass for both core 
and cladding and have either step or graded refractive index profiles 
(fig. 1.1a and 1.1b).
A step index fibre has an homogeneous core of radius p, 
surrounded by an homogeneous cladding of slightly lower refractive index, 
and it is this step change in refractive index at the core-cladding 
interface that provides the light guiding effect. Rays incident on this
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Figure 1.1a: Meridional section of step index fibre,
showing trapped ray path.
Figure 1.1b: Meridional section of graded index fibre,
showing trapped ray path.
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interface from the core are reflected back into the core by total
internal reflection if the angle of incidence, op , is greater than the
critical angle, a , where a is defined by Snell's law as c c
n Psin a = —  , 2.1c n:
and n1 and n2 are the refractive indices of the core and cladding 
respectively. If the angle of incidence is less than a , the ray passes 
through the interface and is lost to the fibre. A ray that is reflected 
remains trapped within the core by continued total internal reflections, 
and so propagates along the fibre with no loss, except that due to 
material absorption and scattering.
In optical fibre terminology, it is the complement of a thatc
is called the critical angle. The rays are characterised by the angle
they make to the fibre axis, usually taken to be the z-axis, i.e. 0 ,z
and so the condition for a ray to be trapped is
0 ^ 0  = cos 1 — -^ , 2.2z c nT
as indicated in figure 1.1.
Step index fibres are characterised by the dimensionless
parameter
V = kp n, sin 0 , 2.31 c
where k = 2tt/A, with A the free space wavelength of the light, p and nx 
are the radius and refractive index of the core respectively and 0^ is 
the critical angle as defined in (2.2) above. Interest has focused onto 
two different types of step index fibre, differing only in their V 
values. Large V fibres, referred to as multimode fibres because of the 
large number of bound modes they support, can carry large amounts of 
power, but suffer from severe pulse distortion and are usually 
associated with "incoherent" sources. The small V fibres, often made as 
monomode fibres, can carry very little power, but their information 
carrying capacity is limited only by the frequency of the light used and 
the material dispersion of the core. They are usually used in 
conjunction with laser sources, and suffer from difficulties in
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manufacture and alignment because of their very small core diameters.
The graded index fibre (fig. 1.1b) is characterised by an 
inhomogeneous core, in which the refractive index decreases radially 
away from the axis. This gradient provides the light guiding effect and 
the cladding is not essential for this purpose. The cladding is used to 
protect the core, is usually homogeneous and is often the result of the 
manufacturing process. The fibre refractive index radial variation can 
usually be written in the form
n (r) = n (r)
GO
n <1 - sin 0 o c
r y q h  J2r 1
iPJ
cl
r < p 
r > p
2.4
where r is a radial variable, p is the core radius, n (r) is the
GO
refractive index in the core, with the value n on axis and n  ^ is theo cl
refractive index of the cladding. 0^ is the critical angle on axis in 
the core, defined by cos 0^ = n^/n^ and q is a parameter determining 
the shape of the refractive index profile. The fibre parameter V is now 
defined by
V = kp n0 sin . 2.5
Graded index fibres are commonly used in the multimode form as 
the pulse distortion introduced by mode dispersion is considerably less 
in them than in the equivalent step index fibre. In the ray picture, 
this corresponds to there being smaller optical path length differences 
between the various rays. Optimisation for minimum mode distortion 
leads to q «s 2, the near parabolic profile.
The use of doped glasses for the cores of both step and graded 
index fibres has led to material losses very close to the theoretical 
minimum set by Rayleigh scattering and OH group molecular absorption.
At the optimum wavelength, near 1 ym, this is about 2 dB km-1. The 
typical dimensions of a multimode fibre are a core diameter about 100 ym, 
a cladding thickness at least as much again, and a length of up to a 
kilometre. The difference in refractive index between the core and the 
cladding (step fibres) seldom exceeds 10% and the glass used has a 
refractive index in the region of 1.5. Typical V values for multimode
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fibres are in the range 20-100.
Given these figures, the fibres considered in this thesis are 
lossless, semi-infinite, perfectly axially symmetric, have an infinitely 
thick cladding, support many modes (large V), have small 0^ and either 
step or graded refractive index profiles. For the purposes of modal 
calculations, step index fibres with V <  20, are used, as this makes the 
number of modes small enough to allow such calculations without losing 
the behaviour of the multimode fibre (see e.g. [24]). The small V and 
monomode fibres are also considered, but, as is shown, these fibres are 
invariably excited by an essentially coherent source, and so do not 
require the detailed analysis necessary for the multimode fibres.
In this thesis, the general philosophy is to use the modal 
analysis, with appropriate asymptotic approximations, for the step index 
fibres with V values up to 20 in order to obtain results that can be 
used to determine the applicability of the geometric optics approach. 
While the modal analysis provides an accurate and detailed description, 
the geometric optics results, where they are valid, give an adequate and 
more instructive account of the important effects of the degree of 
coherence of the source in optical fibre excitation, and so are of 
greater practical importance.
1.3 SUMMARY OF PRESENTATION
The basic ideas outlined in the previous sections, some of 
which are dealt with in detail in later chapters, are a necessary back­
ground to the work forming the main aim of this thesis. With this back­
ground established, it is now possible to indicate the way in which this 
work is presented.
Chapter II is largely background also, containing a discussion 
of optical coherence theory. However, in the last section, dealing with 
the plane wave ensemble representation of a partially coherent field, 
the rather intuitive approach to partial coherence that is so useful in 
the geometric optics context of excitation is introduced.
The problem of normalisation of the power launched into an
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optical fibre by a partially coherent source leads to the investigation 
of partially coherent diffraction that appears in Chapter III, where 
again the plane wave ensemble is shown to lead to simple and useful 
results.
The techniques and results of these two chapters are then 
applied to the central problem of the excitation of an optical fibre by 
a partially coherent source. In Chapter IV, the mechanism of excitation 
is discussed in terms of both mode theory and geometric optics. Then a 
general modal analysis is developed for partially coherent excitation of 
large V fibres: this is independent of fibre type. In Chapter V, a
quasimonochromatic form of this analysis is applied to step index fibres, 
giving detailed results for V <  20, and asymptotic results. A geometric 
optics approach is then developed and applied to both step and graded 
index fibres. In these chapters, the source used is the field on the 
end of the fibre with no reference to specific physical sources.
In Chapter VI, the results of the previous chapter are used to 
investigate various approximations to actual excitation situations where 
the techniques evolved here can be applied. The practical relevance of 
the work is emphasised in this chapter.
The propagation of the degree of coherence of a partially 
coherent optical field is discussed in Chapter VII, firstly along an 
optical fibre, and then through a lens system. In the first case, the 
mode theory for a step index fibre is used to confirm the predictions of 
a more intuitive approach, and the phenomenon of coherence enhancement 
is shown to exist in optical fibres. The propagation of the coherence 
function through a lens has a direct bearing on one of the excitation 
systems considered in Chapter VI, and so some of the results from 
Chapter VII are used prematurely in the previous chapter.
Finally, in Chapter VIII, the relevance of this work to small 
V fibres is discussed. This has relevance to both monomode 
communications fibres and to visual photoreceptors. Particular 
attention is paid to mode "visibility", i.e. the predominance of one 
particular mode over the others, as a function of V and of the degree of 
coherence of the field on the fibre end.
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CHAPTER II 
PARTIAL COHERENCE
2.1 INTRODUCTION
The concept of partial coherence of optical fields is central 
to the work presented in this thesis, and so it is appropriate to give a 
brief outline of the history and development of optical theory in the 
next section and a rather more detailed account of the relevant aspects 
of the theory in the section following that. Those familiar with the 
subject may conveniently pass over these two sections, and proceed 
directly to the last section which deals with some alternative 
representations and characterisations of a partially coherent field.
The development and applications of these alternatives have played an 
important part in the investigations of the effects on the excitation of 
an optical fibre of differing degrees of coherence of the source; these 
investigations form the subject of this thesis.
For this investigation, the optical field on the entrance face 
of the optical fibre is allowed to have some arbitrary intermediate 
degree of coherence, supposed to range between total coherence at one 
extreme, when both the field amplitude and phase must be carried through 
in any calculations, and total incoherence at the other, when 
intensities alone suffice. In the context of optical fibre excitation, 
the sources may be assumed quasimonochromatic and then, as discussed in 
section 3, it is possible to consider the effects of spatial partial 
coherence separately from those of temporal partial coherence. Here, it 
is always spatial partial coherence effects that are under scrutiny, and 
so, unless otherwise indicated (as in section 3), "coherence" is every­
where used to indicate "spatial coherence".
As the work presented here is concerned with optical phenomena,
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it is optical coherence theory that is relevant. Accounts of the 
history and development of this theory may be found in the two very use­
ful books by Born and Wolf [1] (Chapter X) and Beran and Parrent [2], 
and Troup and Turner have related the optical approach to a quantum 
mechanical one in their review [3]. Mandel and Wolf have been most 
helpful in collecting into another book [4] the key papers and an 
extensive bibliography for the subject up to 1966.
Throughout the analyses that follow this chapter the optical 
field is represented by a vector (the electric vector) rather than by 
the one scalar component as is used throughout the following discussion 
of coherence theory. While this vector representation is more exact, it 
should correctly involve the polarisation of the field and so requires 
the use of cartesian tensors to deal with each of the three components of 
the magnetic and electric vectors and with any time differences (seee.g. 
Wolf [5] and Roman and Wolf [6]). Such a formalism does not readily 
yield the simple observable quantities given so directly by the scalar 
theory (e.g. the modulus of the degree of coherence) and which agree so 
well with experiment. Fortunately, it has been shown (see e.g. 
Karczewski [7]) that under certain conditions, the definitions of the 
scalar theory may be applied to a vector representation to yield the 
same quantities. These conditions require that the field lies in a 
plane, only directions of propagation close to the normal to the plane 
are considered, and the extent of the field is small compared to other 
distances. These conditions are invariably met throughout this study, 
and so the vector field representation is used without hesitation in the 
definitions presented in the following sections.
Also, the fields considered here are frequently unpolarised, 
so that one component may be used in a calculation, and the other 
component added in independently at the finish to give the total 
unpolarised result. Under these conditions, using a vector 
representation in the definitions derived from the scalar theory is 
certainly allowable.
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2.2 THE HISTORY OF OPTICAL COHERENCE THEORY
The concept of an intermediate state of partial coherence 
between the two "classical" extremes indicated above, was apparently 
first introduced by Verdet in 1865 [8] when he demonstrated that even 
"incoherent" light from the sun could produce interference fringes in a 
Young's slits experiment, if the slit separation was sufficiently small 
(i.e. < 50 pm).
Since then, many people have attempted to place this concept 
on a firm footing, using thermodynamic [9], statistical [10], optical 
[11,12,13], information theory [14] or quantum mechanical [15] arguments 
to arrive at a definition of a quantity to describe this property of 
optical fields.
Although Berek in 1926 [11] was the first to derive a 
coherence function from an optical standpoint, it was with the 
fundamental and far-reaching work of Zernike in 1938 [12] that the main­
stream of optical coherence theory began. He defined his "degree of 
coherence" by equating it to the visibility of the fringes seen "under 
the best conditions" in a Young's slits interference experiment, i.e. 
equal intensities at the two slits and observing at the central fringe. 
Michelson defined just this visibility in 1890 [16] by
I - I .(/ - max m m
I + I . max m m
where I is the brightest intensity at the centre of the fringe max
pattern, and I is the adjacent minimum intensity. Michelson noted 
that this visibility could be used to examine the intensity distribution 
in the source plane. Using a different experiment that produced fringes 
by a temporal division of the field he showed that spectral information 
about the source could also be obtained. He thus gave birth to the 
science of stellar interferometry.
For a more formal definition, Zernike examined the "mean 
value" of the intensity at the intersection point of two beams of light 
derived from the same quasimonochromatic, unpolarised, statistically 
stationary optical field, but traversing different optical paths (fig.
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2 . 1 ) .  T h i s  o b s e r v a b l e  q u a n t i t y  w a s  s e e n  t o  h a v e  t h e  f o r m
1 ( 3 )  = I j  + I 2 + 2 r| a *A2 e _ 1 ^ |  , 2 . 2
w h e r e  I  a n d  A^ a r e  t h e  i n t e n s i t i e s  a n d  c o m p l e x  a m p l i t u d e s  a t  t h e  t w o  
f i e l d  p o i n t s  ( s  = l , 2 ) ,  3 r e p r e s e n t s  t h e  p h a s e  d e l a y  d i f f e r e n c e  
b e t w e e n  t h e  t w o  o p t i c a l  p a t h s  t r a v e r s e d ,  R i n d i c a t e s  t h e  r e a l  p a r t ,  t h e  
o v e r b a r  t h e  m e a n  v a l u e  a n d  * t h e  c o m p l e x  c o n j u g a t e .  T h e  r e s t r i c t i o n  t o  
s t a t i s t i c a l l y  s t a t i o n a r y  f i e l d s  w a s  t o  e n s u r e  t h a t  t h e  o b s e r v a b l e  
q u a n t i t i e s  r e f e r r e d  t o ,  w h i c h  r e p r e s e n t  t i m e  a v e r a g e d  q u a n t i t i e s ,  w e r e  
t i m e  i n d e p e n d e n t .
F o r  ma x i m um  v i s i b i l i t y ,  I j  = I 2 , a n d  1( 3)  r a n g e s  b e t w e e n  t h e  
t w o  e x t r e m e s
a n d
w i t h
I  = 2 1 ,  + 2  A,Ao 
max  1 1 *
2 . 3
I m i n  *  2 I l - 2 | * l * 2
3 = 3  = a r g (A. A2 ) .max J z
T h e n
1/ = Y
★
I A i A1 “ 2
1 2 2 . 4
w h e r e  y 12 i s  t h e  d e g r e e  o f  c o h e r e n c e  b e t w e e n  P j  a n d  P 2 . T h i s  d e g r e e  o f  
c o h e r e n c e  w a s  g e n e r a l i s e d  f o r  I j  I 2 , a n d  r e w r i t t e n  a s  a  c o m p l e x  d e g r e e  
o f  c o h e r e n c e ,
i 3 m a x
*
A,  A1 2 1 2
>/ I i I /TY7
2 . 5
w h e r e  J  i s  d e f i n e d  a s  t h e  " m u t u a l  i n t e n s i t y " .
By c o n s i d e r i n g  a n  e x t e n d e d ,  q u a s i m o n o c h r o m a t i c , i n c o h e r e n t  
s o u r c e  a s  a n  a s s e m b l y  o f  i n d e p e n d e n t l y  r a d i a t i n g  e l e m e n t a l  a r e a s ,  a p p l y ­
i n g  s t a t i s t i c a l  a v e r a g i n g  a p p r o p r i a t e  t o  t h e  e n s e m b l e  a n d  t h e n  c o n v e r t ­
i n g  t h e  s u m  o v e r  t h e  i n d i v i d u a l  i n t e n s i t i e s  t o  a n  i n t e g r a l  o v e r  a n  
i n t e n s i t y  d e n s i t y ,  Z e r n i k e  w a s  a b l e  t o  o b t a i n  t h e  r e s u l t  f o r  t h e  d e g r e e  
o f  c o h e r e n c e  o n  a  p l a n e  i l l u m i n a t e d  b y  s u c h  a  s o u r c e .  T h i s  r e s u l t  b e a r s  
h i s  nam e  i n  c o n j u n c t i o n  w i t h  t h a t  o f  v a n  C i t t e r t ,  who h a d  p r e v i o u s l y
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Fig. 2.1: The Young's slits experiment; light incident on the screen A
passes through the slits Pj and P2 to interfere on the second screen, 
giving fringes in the vicinity of P.
Fig. 2.2: Light from the source 2 arrives at P via Px and P? and the
optical system S. (f2 and f2 represent the imaging properties of 
the paths PjP and P2P.)
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obtained similar results [3] from considerations of probability 
distributions. Zernike applied this result to the stellar inter­
ferometer and re-interpreted the measurement in terms of his degree of 
coherence.
Zernike also obtained a result for the propagation of the 
degree of coherence in terms of the Huygens-Fresnel integral, and used 
this to examine the effect on the degree of coherence of the passage of 
light through a lens . He thus showed that the resolving power of a micro­
scope was independent of the imaging quality of the condenser system.
After a rather lengthy pause, the torch was taken up again by 
Hopkins in 1957 [13], who presented a theory based upon a "phase- 
coherence factor". This was defined in terms of the observed intensity 
at a point illuminated via two different optical paths by an extended, 
statistically stationary, quasimonochromatic, incoherent source. He 
used entirely optical arguments, and beyond noting that he was dealing 
with time averaged (observable) quantities, had no recourse to the 
statistical techniques employed by Zernike.
Hopkins considered the source radiation to emanate from 
independent elemental areas, da. The light from each such area, after 
reaching two field points Pj and P2 (fig. 2.2) traversed two different 
optical paths directly or via some optical system, S, to reach the 
observation point P. At this point, the two complex amplitude 
contributions added coherently to give an intensity contribution. These 
intensity contributions were then added incoherently by integrating over 
all the (independent) source areas, i.e.
dl = |ujI 2 döIfj I 2 + |u2I 2 da If2I 2 + 2R{ujU2 da f jf 2 } . 2.6a
Hence
J * "fa
I = Ij\fl I2 + I2 |f2 I2 + 2(I1I2)'1 R(y 12 fxf2} , 
P
2.6b
where Ij and I2 are the intensities at Pj and P2, fj and f2 represent 
the imaging properties of the paths PjP and P2P, and where
"Y1 2
1 *u1u2 da
Source
2.7
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defines the phase-coherence factor between P  l and P2, with u> and u2 
being the complex amplitudes at the two points.
Hopkins pointed out that Y 12 is in general complex, with |y 1 2 I 
representing the coherence between Pj and P2, and arg Yi2 representing 
the phase difference, and, using the Schwarz inequality, was able to 
show that IY! 2 I ^  was straightforward to show that when
I I 2 I I ?  I IJi Ifi I = I 2 If 2 I '• then IYi2 I again represented the visibility of the 
fringes at P, and corresponded to Zernike's degree of coherence.
Using this formulation and the resulting derivation of Yj2/ 
Hopkins was able to obtain Zernike's result for the phase-coherence 
factor on a plane, illuminated by an extended, quasimonochromatic, 
incoherent source, directly, and to build in the detail needed to 
consider various examples. A consequence of this was a definition of 
the "area of coherence"; an area around a point on a plane in which the 
phase coherence factor exceeds some tolerable value, i.e. the field is 
essentially coherent over this area. Verdet had mentioned a "circle of 
coherence" in [8], but this had been an estimate based upon his work 
with fringes using sunlight. Hopkins went on to apply his theory to the 
propagation of the phase-coherence factor, obtaining an equivalent 
result to that of Zernike. He then used this result to investigate 
image formation and resolving power in various optical systems, in 
partially coherent light (see e.g. [17]). In a later paper [18],
Hopkins generalised his results for a polychromatic field by integrating 
the previously essentially monochromatic results over all frequencies. 
This required that the two effects of spatial and temporal coherence 
were effectively independent, and this is discussed in the next section.
It was left to Wolf in two papers in 1954 [19] and 1955 [20] 
to produce a general formulation that applies to polychromatic sources 
with any degree of coherence. This formulation takes path length 
differences into account in defining the coherence function. This over­
comes the difficulties inherent in the earlier work, which then dealt 
with only quasimonochromatic fields, and hence small path length 
differences, and with incoherent sources. Simultaneously, Blanc- 
Lapierre and Dumontet [21], presented an independent derivation of a 
similarly general nature, obtaining similar results to those of Wolf.
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As Wolf's formulation can be related so directly to the work 
of Hopkins and Zernike, and is the more comprehensive, it is his 
approach that is adopted in this thesis, and forms the basis for the 
next section, in which the essential part of first order optical 
coherence theory, relevant to the problems considered in this thesis, is 
discussed.
2.3 THE THEORY OF PARTIAL COHERENCE 
(a) Quasimonochromatic
Following Wolf [19], a statistically stationary, quasimono­
chromatic optical field is represented by the truncated real scalar 
quantity V(x,t), where x is a position vector and the optical 
disturbance is supposed to exist only during the interval -T < t <  T. 
The restriction to statistically stationary fields ensures that time 
averaged properties of the fields, e.g. the intensity, are time 
independent. The Fourier relationships
V (x, t)
*oo
v (x,v)
 ^—  OO
— 2tt ivt e dv
v(x,V) V(x,t)
-T
-i27TVte dt
3.1
are assumed to apply, but as the field is quasimonochromatic, only those 
frequency components for which V0 - Av ^  V ^  V0 + Av are non-zero, where 
Av << V0. In figure 2.3, 2 is an extended, quasimonochromatic stationary 
source and P^Xj) and P2(x2) are typical points on a surface A through 
which the light is passing. At an observation point P(x), each Fourier 
frequency component may be derived, using the Huygens-Fresnel integral, 
from its value on A, i.e.
V (X , V) =
f i k r l
v (x , V) ----- A, dx
r , 1 -
J A 1
3.2
where rl is the distance PjP, Xj and x are position vectors, k = 2u/X, 
with A = c/V being the free space wavelength,and Aj is the appropriate
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Fig. 2.3: Observation point P(x) receives light from whole surface A.
Huygens' principle may be used to calculate the total amplitude at 
P(x) at any frequency; Pj and P2 are typical points on A.
inclination factor of Huygens' principle. 
Hence at P
V(x,t)
fCO
J — CO
-i2TTVte dv v(x, v) 
•’A
ikr,G 1-----  A, dx .
r  i 1 "
The intensity at P is given by
I(x) = (V(x,t) V (x , t) > ,
3.3
3.4
where ( > indicate the time average over the period -T <  t <  T and * the
complex conjugate. Then, using (3.3),
I(x) = < dvdv' e- 2tt (V—V ') t
v (x ,V) v (x2 ,v)
i (kr j-k'r2)
AJ A r  1 r  2
AXA^  dx1dx2> 3.5
where the two integrals over A are independent.
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Making use of the quasimonochromatic approximation, setting
k 0 = k and k' in the exponent,
I(x)
where
r(Xj ,x2)
AJ A
r(xj,x2)
,ik0 (ri“r2)
r ir 2
(AjA2)0 dx1dx2 ,
2T dt—  T  J — QOJ — OO
( ^  * I  ^ _ 2 l T  J  ^  ov(xlfv)v (x2,v>) e dxxdx2 3
defines the mutual intensity on A.
Since
lim
'J' 0O ■' —rp
— 2 TT i (V—V ' ) t , e dt ö(V-V') ,
where 6 is the Dirac delta function, for large enough T,
r(Xj ,‘x2) = -mr v(xj ,V)v (x2 ,V) dv ,
or, applying the convolution theorem
r(Xi,X2) = < V(x j , t)V (x2 ,t) > ,
Normalising this gives
Y(Xj,x2)
T (xl, x2 ) T(xj,x2)
[r(xj ,xj) r(x2 ,x2) ] 2 v/i11
which is the complex degree of coherence. The two quantities defined 
here correspond to those similarly named by Zernike, under the 
conditions implicit in his analysis.
Equation (3.6) may thus be rewritten as
I (x) (Iil2) Yh e1 2
AJ A
ik0 (r j-r2)
r i r2
(A1A2)0 dxxdx2
.6
.7
.8
.9
10
11
.12
This represents a generalised Huygens' principle for partially coherent 
light, and is a complete statement of less definitive concepts to be 
found in the earlier work of both Hopkins [13] and Zernike [12].
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While y 12 (= Y(Xj fx2)) is in general complex, it can easily be
shown that |y 12I ^  1» as
fT V(x1,t)V (x2,t) dt I
J -T
IV(x:,t)V (x2,t) I dt 3.13
and the Schwarz inequality states that
r rT  ^ 2 rT rT
\ |v(xlft)V (x 2 , t) I dt[ < IV (x2 , t) I 2 dt |v(x2,t)|2 dt ,
\J __rp J ' _ r n 3.14
so that in terms of the mutual intensity function
i. e.
I r I <  [F (Xi ,x1) F (x2 , X 2 ) ]
I Yl 2 I ^  1 •
3.15
Wolf used his generalised Huygens' principle to analyse a 
simple interference experiment, where the screen A (in fig. 2.3) has 
small openings at Pi and P2. The intensity distribution on a plane 
through P can then be expressed, after some algebra, as
I (x) = I1 + I 2 + 2/lj I2 j Yj 2 I cos (ar9 Y j 2 b (r ^ ~ r2)) , 3.16
where I is the intensity at P(x) due to the opening at P^ alone 
(s = 1,2) .
This generalised interference law for partially coherent light 
is very similar to the expression used by Hopkins to define his "phase- 
coherence factor" in [13], and corresponds to Zernike's somewhat 
differently derived equation in [12] used to define his degree of 
coherence.
It is in this situation that it becomes obvious that the 
degree of coherence is an observable, i.e. measurable, quantity, as has 
been pointed out before. The actual measurement of I(x), when Ix, I2, 
r1 , r2 and k are known, yields both |y 121 an<3 ar9 Yi2' anc* i-n particular, 
the visibility of the fringes is related to |Y1 2 I by#
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1/
I - I . max m m
T +1max min + L lP ' Yl2' 'Uz iJ
3.17
while the position of the central fringe, relative to the two openings 
in the screen A, gives the relative value of arg Yi2 *
(b) Polychromatic
All the previous analysis, involving the definition of the 
mutual intensity function in (3.10), is built around a statistically 
stationary, quasimonochromatic optical field represented by the 
truncated real function V(x,t). In order to extend his analysis to 
polychromatic fields, Wolf introduced a second more general definition 
in terms of the complex representation of the real fields. Before 
introducing this definition, which takes into account any path length 
differences involved in a typical situation, it is necessary to consider 
this complex representation of V(x,t).
Born and Wolf [1] and Beran and Parrent [2] devote a consider­
able amount of time to discussing the analytic signal, or complex half­
range function, representation of the real optical fields, as introduced 
into coherence theory by Wolf in [20]. Essentially, a real, optical 
disturbance is assumed to be expressible by the Fourier integral
v r (t)
,oo
J — oo
a tV (v) -2ti ivt e dv , 3.18
where the superscript r is used to indicate a real quantity.
This may be rewritten as a sum of two integrals, i.e.
v r (t) /srv r (V) -i2TTVte dv + /\ rv r (V) -i27TVte dV
/\ 23 *and then noting that [V (V)] = V (-V), changing the order of
integration and setting V = -V in the first part,
3.19
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vr (t) (V) e'i2TTVt 3.20
where R indicates the real part. If vr (v) = a(v) e ^ ^  , where both 
a(v) and (j) (v) are real functions, then
vr (t)
*00
2a (V) cos [-27TVt + (J) (V) ] dV .
J 0
3.21
ITA second function is now introduced, derived from V (t) by changing the 
phase of each frequency by tt/2, i.e.
v1 (t)
*00
2a(V) sin [-27TVt + <j) (V) ] dV , 
J o
where the superscript i indicates an imaginary quantity.
3.22
The complex function representation of Vr (t) may then be
defined by
V(t) = Vr (t) + iV1 (t) , 3.23
and then
V(t)
where
2a(V) -i27TVt + i(j)(V) ne dv V(v) -i2TTVte dv
o
3.24
V(V) = 2vr (v) .
This complex representation is common in communications theory 
where V(z) is known as the analytic signal representation, where z is a 
complex variable. V(z) is analytic in the lower half-plane of z. It is 
also known as the complex half-range function, as all the information 
about the function is contained in the positive frequency components.
The Fourier inversion theorem then gives
V(V) V(t) ei2WVt dt V >  0
v < o
3.25
r iand it should be noted that V (t) and V (t) are a Hilbert transform pair.
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This is of relevance to the definition of the coherence function that is
introduced below, as Beran and Parrent [2] discuss in detail. They show 
r ithat as V (t) and V' (t) are then orthogonal,
-TO .TO
V(x1,t)V (x2,t) dt = 2 Vr (xj,t)Vr (x2,t) dt . 3.26
^  — OO '  —  T O
The general coherence function introduced by Wolf to include 
polychromatic fields is defined in terms of the analytic signal 
representation of the real field disturbances, and takes the form of the 
complex cross-correlation function, defined by
r(xj,x2,T) lim
T -> OO
_1_
2T V(Xj,t + t )V (x2 ,t) dt , 3.27
where the disturbance at Px(Xj) is considered at a time T later than 
that at P2 (x2) . It is a property of the analytic signal that r(xlfx2,T) 
so defined is also an analytic signal, so that
r (Xi,x2,T) = 2Tr (x1,x2,T) , 3.28
I T  1Cwhere T is defined in terms of V (t) as above, in section (a).
In a complete parallel fashion to that outlined in section (a), 
the mutual coherence function may be normalised to give a complex degree 
of coherence, by setting
r(Xj,x2 ,t ) F(Xj,x2 ,T)
y ^ ( T) = —  = —  , 3.29
[r(Xj,Xj,0)T(x 2,X2 ,0)] 2 [I(xj)I(x2)] 2
although now I (x^ ) is defined in terms of the analytic signal at P_^  and 
so, as shown above in (3.26),
I(xJ = (Vtx^x^OJV (x^,x^,0) ) = 2ir (xi) . 3.30
Again, it may be shown that |Yi2 (t )| ^  1, and the generalised 
Huygens' principle and inferference laws of section 3(a) may be rewritten
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u s i n g  t h e s e  d e f i n i t i o n s  i n v o l v i n g  T an d  t h e  a n a l y t i c  s i g n a l  
r e p r e s e n t a t i o n .  T h u s ,  f o r  t h e  H u y g e n s '  p r i n c i p l e ,
I  (x)
[ I  (Xj ) I  ( x 2 ) ]
AJ A r  i r 2
r 0 -  r
X i , X 2 , ^ 1 ^ 2  d x i d x 2 3 . 3 1
w h e r e  t h e  A ^ ' s  r e p r e s e n t  some mean v a l u e s  o f  t h e  i n c l i n a t i o n  f a c t o r s .  
I n  f a c t  Y may b e  r e p l a c e d  by t h e  r e a l  p a r t  a s  a l l  t h e  o t h e r  q u a n t i t i e s  
a r e  r e a l .
S i m i l a r l y ,  t h e  i n t e r f e r e n c e  law  b ec o m e s
I  (x)
k
I i  + I 2 + 2  [ I j l 2 ] 2 Y —  1 '  -_2 3 . 3 2
T h a t  t h e  p r e v i o u s l y  o b t a i n e d  fo r m s  o f  t h e s e  l a w s  do a c t u a l l y  
r e p r e s e n t  t h e  a p p r o p r i a t e  q u a s i m o n o c h r o m a t i c  a p p r o x i m a t i o n s  may b e  s e e n  
by e x a m i n i n g  t h e  fo rm  o f  r ( x 1 , x 2 ,T) f o r  q u a s i m o n o c h r o m a t i c  l i g h t .  
P u t t i n g
H x i  , x 2 , t ) =
r°°
a . . -i27TVT ,f ( x i , x 2 , v)  e dV ,
J o
3 . 3 3
and t h e n  r e w r i t i n g  t h i s  a s
r ( X j , x 2 , ! ) -2iTiVTe f ( X x , X2 ,V) e
i2TT(V-V)T d v  , 3 . 3 4
t h e  q u a s i m o n o c h r o m a t i c  a p p r o x i m a t i o n  may now b e  made t h a t  Av << V . Then 
c o n s i d e r i n g  o n l y  s m a l l  v a l u e s  o f  T, s u c h  t h a t  A v j T| < < 1 /  g i v e s
r ( x x , x 2 ,T)
-2TTiVT ' e
roo
0
? ( x x , x 2 , V) dv
-2TTiVT
= e r (Xj x 2 , 0)  .
3 . 3 5
3 . 3 6
N o t i n g  t h a t
s u b s t i t u t i n g  a p p r o p r i a t e l y  i n t o  ( 3 . 2 8 )  and  ( 3 . 2 9 )  above  an d  t a k i n g  t h e  
n e c e s s a r y  r e a l  p a r t s ,  t h e  r e q u i r e d  q u a s i m o n o c h r o m a t i c  fo r m s  a r e  
r e t r i e v e d  [20] .
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While the propagation of the mutual coherence function may be 
described in terms of the Huygens-Fresnel integral, this is necessarily 
an approximate description, with a rather restricted range of validity 
(see e.g. [1], Chap. VIII). A complete and rigorous law for the 
propagation of r(x1,x2,l) was obtained by Wolf in the following manner.
The real field disturbance is assumed to obey the scalar wave 
equation, i.e.
V2 Vr(t) JL 32vr (t)=2 9t2 3.37
hence the analytic signal associated with the field also obeys such an 
equation. Consequently each Fourier frequency component of the analytic 
signal obeys the equation
V2 v(x1#v) r2TfV 2 V(Xj ,V) , 3.38
where V 2 is the Laplacian operator with respect to the position vector
x1 . Then
V2 T(Xj,x2,x) = lim
T -> OQ
[V2 v(xifV)]v (x2,V) e i2Tlvr dV , 3.39
2 IT , . 1— Tr- 1 im  —  c2 TT -> oo
o * -i27TVT
V2 v(Xj,V)v (x2,v) e dV . 3.40
But
r (x i , x2,1) = <V(x1,t + T)V (X2 ,t) ) ,
and so using the convolution theorem
r(xi,x2,T) = lim
T 00
, * . . —2ttiVT _v(Xj,V)v (x2,V) e dV 3.41
Hence
V2 r(x1,x2,T) 1 32rc2 9t 2 ( i , X 2 , T ) • 3.42a
Similarly, if V 2 is the Laplacian operator with respect to x2,
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V2 T(x 1,x 2,t ) i_ 9^ rc2 8t 2 ( X 1 ' ^ 2 '  ^  ^ 3.42b
These wave equations for the mutual coherence function 
emphasise an important aspect of coherence theory. Not only are the 
quantities defined observable quantities, but they are rigorously time 
invariant, depending only on x, a time difference. In real optical 
fields, true time variations are not observable.
In the work that makes up the body of this thesis, it is the 
power flow and distribution over the bound modes of an optical fibre 
that is of concern, for the transmission of information must always be 
associated with a power flow, and in this context, requires the measure­
ment of optical intensities. A discussion of coherence theory is there­
fore highly relevant to optical fibre transmission as it deals with such 
measureable quantities.
Some simplifications are desirable, and justified. It is fair 
to say that the vast majority of sources used to excite optical fibres 
are quasimonochromatic, i.e. Av << V. Also, particularly when the 
radiating face of the source is in near contact with the end face of the 
fibre, it is the zero time ordinate of the coherence functions that are 
relevant, and in fact r(x1,x2,0) is used throughout the calculations 
that follow.
It is under such conditions that the concept of spatial and 
temporal coherence as independent effects, as introduced by Hopkins in 
[18], becomes valuable. This point is again discussed by Beran and 
Parrent [2] who point out that for a real, physical source such a total 
independence is not possible, but that the two properties of the field 
represented by the autocorrelation function r(x1,x1,T) and the mutual 
intensity function r(xlfx2,0), may be effectively measured separately in 
two different interference experiments. Only a strictly monochromatic 
field is always coherent, while any polychromatic field derived from a 
source of finite extent must exhibit both spatial and temporal coherence 
properties simultaneously. The finite source size degrades the 
visibility of the fringes in a two-beam temporal coherence inter­
ferometer . In a similar way the finite bandwidth limits the path 
length difference for which fringe visibility is meaningful in the wave-
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front division interferometer which provides a measure of spatial 
coherence.
When the source is quasimonochromatic and only very small time 
differences are involved, such that Av|T| << 1 (see e.g. [20]), then it 
is valid to consider the mutual intensity function, F(x1,x2,0), as the 
appropriate coherence function, and to describe the coherence as spatial 
This provides the justification for the procedure adopted in this thesis
While coherence theory has been developed and extended beyond 
the basic outlines presented here, the problem considered here, that of 
the excitation of an optical fibre by a quasimonochromatic partially 
coherent source, does not require any extension of this basic formalism. 
In fact, in order to take advantage of the geometric optics techniques 
available that adequately describe many of the properties of multimode 
optical fibres, a less formal, more intuitive approach to partial 
coherence is needed. In the next section, such an approach is 
introduced, and shown to be allied to an alternative formal 
representation of partially coherent fields.
2.4 THE ANGULAR SPECTRUM OF PLANE WAVES 
AND PARTIAL COHERENCE
In a sequence of recent papers the representation of a 
partially coherent field by an ensemble of plane waves has been used to 
investigate the properties of the radiation from partially coherent 
fields.
Walther [22,23] first introduced this representation to 
examine the basic laws of radiometry for partially coherent fields, 
pointing out that the directivity of the radiation from such fields 
depends in some way on the degree of coherence of the fields. He used 
an angular spectrum of plane waves to represent the field radiated by a 
partially coherent field in a plane well removed from any sources, and 
obtained a generalisation of the van Cittert-Zernike theorem, showing 
that there is a Fourier transform relationship between the coherence 
function on that plane and the far-field intensity distribution, and 
similarly between the intensity distribution on the plane and the far-
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field spatial coherence properties. He used this to derive a 
generalised radiance and noted that the angular distribution of this 
radiance was a function of the size of the coherence areas on the plane, 
and that there was an effective lower limit on this area, of the order 
of A 2 (A = the wavelength of the light), which gave an isotropic 
radiance pattern.
Following Walther's first paper [22], Marchand and Wolf [24] 
introduced the concept of an angular correlation function to 
characterise the correlation between the complex amplitudes of any pair 
of plane waves in the spectrum. In their work, they used Wolf's general 
formulation of coherence theory as discussed in section 2.3b above, and 
considered a partially coherent field, in the z = 0 plane, assumed to be 
statistically stationary, both temporally and spatially, and radiating 
into the z>0 half-space. They found the angular correlation function 
to be given by a 4-fold spatial Fourier transform of the cross-spectral 
density of the field, .this being in turn the Fourier frequency transform 
of the mutual coherence function. They went on to derive similar 
relationships between the far-field intensity distribution and coherence 
function and the z = 0 plane coherence function, and intensity 
distribution, using the angular correlation function as an intermediary. 
They also derived a generalised form of the van Cittert-Zernike theorem, 
valid for polychromatic sources with any state of coherence.
Subsequently, this formalism has been used to further examine 
the far-field properties of radiation from partially coherent sources 
(e.g. [25-27]), even though there is some difficulty about the finite
size of the source; this is in conflict with the assumption of 
spatial stationarity in the source plane. However, as long as the 
source dimensions are large compared to the wavelength of the light and 
the size of the coherence areas in the source, the method can be 
expected to be applicable.
While diffraction effects are specifically excluded from these 
analyses (see e.g. [26]), it is interesting to note the similarity 
between the main equation in [26], which gives the angular intensity 
distribution of the far-field radiant intensity, at frequency w, in 
terms of a Fourier transform of the degree of spatial coherence of a
2.4 31
source, and the Fourier transform relationship used in the diffraction 
of partially coherent light as discussed in the next chapter, i.e. with 
reference to figure 2.4, from [26],
I (s) 0) - Ak2 cos2 0 z=0
Y (r)oo - e dr W(r,r,00) 4.1
where k is the wave vector, k = |k| = 2tt/A, with A the free-space wave­
length, I^(s) is the intensity distribution at frequency oo, Y^ is the 
degree of spatial coherence = Y(£i,£2 ,0 ), W(r,r,oo) is the spectral 
density function, A is the area of the source in the z = 0 plane, and the 
other quantities are defined in the figure, with r = rq - r2.
From reference [10] of Chapter III below, the far-field 
intensity distribution in the diffraction pattern of an aperture 
illuminated by partially coherent light, is given by
where
I ^ o )
Ak2 cos2 •'Y(r) C (r) e
ik
d" —  (r0.r) dr
O(r)
4.2
C(r) = n" /i (rj ) /i (rj - r) do' , 4.3
A Jo’ (r)
is the aperture amplitude autocorrelation function, and the other 
quantities are as defined above or in the figure. Equation (4.2) is for 
quasimonochromatic light.
Noting that in (4.1), W(r,r,U)) is actually independent of r,
and that
T(rx,r2,w)
and that in (4.2)
JX3
. . —l27TU)tW(r l , r2, ,0)) e do)
1 o
r(rx,r2)
Y(£i ,r2) = - - — - - . ..
/1(rj) /i(rj - r)
the similarity becomes more apparent.
4.4a
4.4b
In the above use of the angular spectrum of plane waves, it is
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Fig. 2.4: Geometry of radiation problem. Source O occupies part of xy
plane at z = 0. The observation plane is parallel to 0 at distance d.
the radiated field in the z > 0 half-space that is represented by the 
ensemble of plane waves. Equally, the field in the z = 0 plane can be 
regarded as the result of the superposition of an angular spectrum of 
plane waves incident on that plane from the z < 0  half-space. In the 
simplest form, the plane waves are independent and are weighted to give 
the required coherence function on the z =0 plane. As the plane waves 
are correctly infinite in extent, the field so obtained is defined over 
the whole z = 0 plane. However, in a similar way to that adopted in 
[26], it may be assumed that only a finite area of this whole plane is 
illuminated, or the plane may be assumed to be opaque, apart from an 
aperture in which the required field exists. This latter aspect is 
considered in detail in the next chapter. As before, it is necessary to 
assume that the area occupied by the field is large compared to the 
wavelength of the light and to the size of the coherence areas of the 
field.
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In general, the plane waves are not independent, but, as above, 
there is some correlation between them, and the relationship between 
this correlation and the degree of spatial coherence of the field in the 
z = 0 plane has the same form as that given above. This general 
formalism and some specific examples have been presented in [28] and 
[29] where the problems of partially coherent diffraction and partially 
coherent excitation of an optical fibre have been considered in detail. 
These applications are also discussed in Chapters III and V below.
Here, the general formalism is presented, showing how an 
angular spectrum of plane waves, incident from the z < 0  half-space, may 
be used to represent, or "create", a partially coherent field in the 
z = 0  plane, and how, with a suitable choice of the angular correlation 
function for that spectrum, and the appropriate weighting of the plane 
wave strengths, the required coherence function may be generated.
The angular spectrum (ensemble) of plane waves has components 
with strengths b (0 ,(j) ,w) . The field in the z = 0 plane is then, with 
reference to figure 2.5,
E (r, t)
2tt rTT/2
b (0 ,<j>,(d)
o o
ik. r icat e - - e sin 0 d0 d(J> duo , 4.5
where only real angle components have been included in the spectrum, 
i.e. excluding evanescent waves.
The mutual coherence function in the z = 0 plane is then 
defined by (see section 2.3b above)
fi2 (T) = < E(rj,t + T)E (r2,t)> 4.6
b(0,cj),O))b* (0 ' ,c|)' ,0)') ik.(r,-r,) i ( cjl) * —to) t -iajT e - e e
4.7
x sin 0 d0 dcj) dto sin 0 ' d0' dcj)' da)' > ,
where ( ) indicates an ensemble average, and * the complex conjugate.
Noting that the coherence function is independent of time, 
i.e. assuming that E(r,t) is a stationary field, so that the different
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Fig. 2.5: The plane wave incident on the z = 0 plane has strength
b(0,(j),w). The field in the xy plane at z = 0 is circular; a point 
in their field is denoted by the position vector r = (r,ip) .
frequency components are uncorrelated (see e.g. [21]),
ri2 (T)
—icoT _ e do) < b(0,<J>,w)b (0' ,(J)' ,w) > 
x e^-* -2 ^ sin 0 d0 d4> sin 0 ' d0 ' d(J)'
4.8
The term in the ( ) is the angular correlation function,
representing the correlation between pairs of plane waves with the same 
frequency, and is identical to the function introduced by Marchand and 
Wolf [24], i.e.
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A (0,4) r e •, 4) • ,03) E <b(0,cj>,ü3)b (0' ,4)' ,w) ) . 4.9
By a suitable choice of the angular correlation function, any 
required form of the coherence function in the z = 0 plane may be created.
As an example of this, the case when the field is quasimono- 
chromatic is considered, and the assumption is made that the plane waves 
in the angular spectrum are uncorrelated.
The angular correlation function is then
< b (0 ,4>)b (6 ' ,4>') > = B (0 ,(})) 6 (0-0 ') 6 (4>-(j)') /sin 0 ' 4.10
and if further
B (0,4>) = B0 cos 0 0 <  0 <  0max
4.11
0 > 0max
then in the z = 0 plane, the mutual intensity function is given by
Tj 2 = < E (rx) E (r2 ) >
” ”  (b(0,d»b* (6-, <(,•>> eUk(9.<l>).rl -k<6\*•). r2l
x sin 0 d0 d(j) sin 0 ' d0 1 d(|)' ,
2tt f0
4.12
max eik(6,<t).[r1 - r2 ] ^  0 s . „ 0 d0 ^  _ 4 .13
0 0
Then, noting that
r l - r2 = r12 (cos ip, sinijj, 0) , 4.14
where r J2 = |r} - r2 | , and ip is an azimuth angle in the z = 0 plane (see 
fig. 2.5),
k . (rx - r2) = kr1 2 sin 0{cos (J) cos ij; + sine}) sin ij;}
kr.. sin cj) cos (0 - ijO . 4.15
so that
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^12 B 0
= B,
r0 r 2TTmax d0 cos 0 sin 0
0 0
max cos 0 sin 0 2tt JQ
0
ikr, 9 sin 0 c o s (0- i|j) e 12 d<J> 4.16
4.17
2tt Bq sin2 0
J, (kr. _ sin 0 )1 1 z max
max j kr 1 2 sin 0 4.18max
using standard Bessel function integrals [30],
The degree of (spatial) coherence in the z = 0 plane then takes 
the familiar Besinc form
Y 1 2
1 2
r .r1 1 * 2 2
2J, (kr, 9 sin 0 )1 1 z max
kr, 9 sin 0 1 z max
4.19
which is appropriate to a circularly symmetric system, as is inherent in 
the definition of B(0,(j)) above.
It is worth noting that were the z = 0 plane to be illuminated
by an extended, quadimonochromatic, incoherent source, of angular
subtense 0 , the classical van Cittert-Zernike theorem would qive themax
degree of coherence on that plane as obtained above in (4.19), e.g. [1] 
Chapter X.
In this case, where the plane waves are uncorrelated, it is 
particularly straightforward to investigate the properties of the field 
generated in the z =0 plane, for then each constituent plane wave may be 
treated independently and the overall effect obtained by summation over 
these individual effects. This is demonstrated in Chapters III and V.
More significant, for the purposes of the work in this 
thesis, is the relationship demonstrated in (4.19) between the degree of 
coherence and the maximum angle of the plane wave spectrum. In the 
paper by Wolf and Carter [26] several curves are given showing the way 
in which the radiation from increasingly spatially coherent sources is 
increasingly forward directed, and here it can be seen that the more 
coherent the field is required to be, the narrower the cone containing 
the plane waves becomes.
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The concept of an area of coherence has already been mentioned, 
in section 2.2, where it was noted that Hopkins had given a definition 
in terms of a tolerance on the degree of coherence within that area. 
Also, it was pointed out that Walther had connected the directivity of 
the radiance of a partially coherent field to the size of the areas of 
coherence in the field.
If the partially coherent field is regarded as an assembly of 
independent areas of coherence, within each of which the field is 
essentially coherent, but between which there is no correlation, then it 
becomes straightforward to calculate the radiation pattern, for example, 
by finding the radiation pattern of one area, and summing over all the 
areas. The radiation pattern of a circular aperture, illuminated by 
coherent light is well known, so that the problem of finding the 
radiation pattern of a partially coherent field may, with some 
reservations, be reduced to finding the size of the areas of coherence 
in the field, and then using the well known coherent diffraction 
formalism.
The diffraction pattern of a circular aperture, illuminated by 
coherent light, is the Airy pattern (see e.g. [1]), and the majority of 
the radiation is contained in the central maximum, which has an angular 
spread given by
sin 0dif
0.61 A
2 tt pdif
4.20
where A is the wavelength of the light and p  ^is the radius of the 
aperture.
A partially coherent field, having areas of coherence with
radius R , may then be expected to radiate principally into a cone of coh
half angle 0 , such thatcoh
sin 0 .coh
A
2TT R , coh
4.21
and indeed, using the definition of the degree of coherence in (4.19) , 
and the definition of Rcoh in [13], i.e.
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2J, (R , A) 1 con
(R , A) con
0.88 4.22
where A is a factor embodying the physical parameters determining the
coherence properties of the source (in this case A = k sin 0 ) , 0 , ismax coh
just the 0 °f the angular spectrum of (independent) plane waves 
associated with that field.
Hence, it becomes apparent that an angle of coherence, 0 ,
may be used to characterise a partially coherent field, and that this 
angle can be related to the angular spectrum representation of the field. 
Also, this angle accurately reflects the directional properties of the 
radiation from a partially coherent field, and so provides a suitable 
measure of the behaviour of such fields in the context of a geometric 
optics approach to optical fibre excitation.
In the following chapters, these various representations of 
partially coherent fields, both formal and heuristic, will be used in 
order to investigate the diffraction of partially coherent light at a 
circular aperture, the excitation of an optical fibre by a partially 
coherent source, and the propagation of the degree of spatial coherence, 
both along an optical fibre and through a lens system. Where 
appropriate, the restrictions imposed by the use of the less formal 
approaches are discussed, but as the fields considered in this work are 
all planar, mostly circular, with radii large compared to the wavelength 
of light, these restrictions are largely already built into the problem.
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CHAPTER III
DIFFRACTION OF PARTIALLY COHERENT LIGHT 
3.1 INTRODUCTION
The optical field used to excite an optical fibre in this 
thesis is planar, usually circular, spatially partially coherent, and 
exists in the plane of the entrance face of the fibre. For the 
purposes of normalisation of the power launched into the fibre, and to 
obtain some ideas about the general behaviour of such a field that may 
be incorporated into a geometric optics treatment of the excitation of 
the fibre, it is necessary to investigate the way in which this field 
radiates into the half-space containing the fibre.
In the previous chapter, various techniques were discussed 
that linked the far-field radiance distribution to the coherence 
properties of a partially coherent field. This field, although finite in 
extent, was required to have dimensions large compared to the wavelength 
of the light , as spatial stationarity was an assumed property of the 
source. In this chapter the source field is considered finite in extent, 
and the radiation properties of the field are investigated by treating 
the problem as one of the diffraction of partially coherent light at an 
aperture.
The concept of a generalised Huygens' principle was described 
in Chapter II (and see e.g. [1]), applying to the propagation of the 
coherence function of a partially coherent field. Such a generalised 
propagation law can be used to obtain the far-field radiance 
distribution of the field, relating this to the coherence properties of 
the field. Unfortunately this approach does not involve diffraction 
effects, being based upon the free-space propagation of the light field.
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Similarly, the angular spectrum of plane waves representation 
of a partially coherent field [2] also gives the far-field radiance 
distribution of that field in terms of its coherence properties, but 
again, specifically, diffraction effects are excluded [31. Also, it is 
required that the dimensions of the field (considered planar and finite 
in extent) are large compared to size of the coherence areas of the 
field.
It is possible, however, to obtain a generalised diffraction 
law, in a rather similar way to the Huygen's principle generalisation, 
using the Kirchhoff diffraction integral (see e.g. [4] or [5]) to create 
a formalism linking the diffracted field radiance distribution to the 
aperture field coherence properties, and this is the approach described 
in section 4 of this chapter.
Not surprisingly, and as has been pointed out in Chapter II, 
the results given by considering the problem as the diffraction of 
partially coherent light, and by considering the far-field of a 
partially coherent field propagating in free-space, using either 
Huygen's principle, or an ensemble of plane waves, correspond almost 
exactly. The reasons behind this are involved with the assumptions of 
diffraction theory and the basic assumptions made about the field in all 
cases.
The basic assumptions built into the generalised Huygen's 
principle, and the angular spectrum representation, were discussed in 
the relevant sections of Chapter II. In the next section, the elements 
of diffraction theory are described and the assumptions and restrictions 
discussed. In section 3, a summary of previous studies of the 
diffraction of partially coherent light is presented, and this is 
followed by the presentation of the vector Kirchhoff diffraction theory 
for partially coherent light in section 4. Finally, in section 5, some 
of the alternative representations of a partially coherent field 
described in Chapter II are used to examine the problem in a less formal 
but highly instructive fashion.
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3.2 KIRCHHOFF DIFFRACTION THEORY
In the ordinary way, diffraction theory deals with a coherent 
beam of light incident on an opaque, perfectly conducting screen in 
which there is an aperture (or apertures). This theory is based upon 
the work of Kirchhoff and may take either a scalar or vector form, 
depending on the description used for the field in the aperture (see 
e.g. [4] for a general account of this theory).
Basic to the Kirchhoff diffraction theory, in either form, are 
the two Kirchhoff approximations. These require that both the field and 
its normal derivative exist only in the aperture and that they are the 
same as would exist in the absence of the screen. This implies that 
both the field and its normal derivative are known in the diffracting 
region, whereas, unfortunately, only one of these is necessary to 
uniquely define the field in a closed volume [5]. This mathematical 
inconsistency restricts both forms of the theory to the short wavelength 
limit when the dimensions of the aperture are large compared to the 
wavelength of the light. In practice, this restriction is not that 
severe, especially for the vector form, where it has been showai that 
good results are obtained for apertures of the same order as the wave­
length (see [5], p.297).
For most optical purposes, the scalar form of the Kirchhoff 
diffraction integral is deemed adequate, it being common to consider 
optical fields as scalar quantities. This integral is usually used in 
one of two approximate forms, one appropriate to the near-field or 
Fresnel region, the other appropriate to the far-field or Fraunhofer 
region, and it is the latter that is of interest here.
The Fraunhofer diffraction pattern integral may be written, 
with reference to figure 3.1, as
U(P) C -ik(px + qy)
•'a
dxdy , 2.1
where U(P) is the optical field disturbance (complex amplitude) at the 
observation point P, C is a photometric constant depending upon the
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Fig. 3.1: The geometry of the diffraction system. The source 0 is a 
distance r from the aperture A and the observation point P is a 
distance s from the aperture, in the direction (p,q).
source and diffracting aperture geometry, p and q are direction cosines 
of the point P relative to those of the incident beam, x and y are 
coordinates in the aperture and k = 2tt/A, with A the free-space wave­
length of the light, assumed quasimonochromatic.
The approximations involved in arriving at the equation (2.1) 
from the general scalar Kirchhoff integral are based upon neglecting 
higher order terms in the exponent, and basically require that the 
diffracting aperture is small compared to the source to aperture 
distance, r, and the aperture to observation point P distance, s. The 
conditions to be satisfied are that (see e.g. [4], p.383)
2 . 2
1 v- 1 ^  ^ max and ui| r 1 A 1 s 1
, 2 , 2 .(x + y )max 3.2a
1 1—  + — r s 0 and p,q <<
il
(x2 + y2 )max
3.2b
The second set of conditions imply that the Fraunhofer
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integral is valid only for the region close to the optical axis of the 
diffracting system.
The vector form of the Kirchhoff integral considers the 
aperture field as a vector quantity and takes polarisation into account. 
This more complete treatment gives rise to better results with a greater 
range of validity than those provided by the scalar theory, especially 
in its Fraunhofer form. While it is difficult to obtain an exact 
criterion for this range of validity, Jones [6] has suggested that the 
vector theory provides good results for angles of diffraction such that 
sin 0 ~ 0. It is the vector form that has been adopted for this study 
and forms the basis of section 4. The range of validity of this vector 
theory is discussed there with specific reference to the problem of the 
excitation of an optical fibre.
While this theory works well for the diffraction of light, it 
must be remembered that the conditions under which it is valid 
approximate closely free-space propagation, in that no attempt is made 
to take into account actual diffraction waves emanating from the edges 
of the aperture, or any other manifestation of the interaction of the 
radiation with the aperture. The Kirchhoff integral represents a 
specific case of the Huygens-Fresnel integral, and so must be expected 
to give similar results.
3.3 THE DIFFRACTION OF PARTIALLY COHERENT 
LIGHT - PREVIOUS WORK
Previous studies of the diffraction of partially coherent 
light began with the work of Parrent and Skinner [7], who actually used 
the two wave equations for the propagation of the mutual coherence 
function as given by Wolf's general formulation of partial coherence 
theory [8] (see also Chapter II, section 3.b). In that study, the one­
dimensional case of a slit illuminated by partially coherent light was 
examined. The Fraunhofer diffraction pattern intensity distribution was 
obtained, using an experimental form of the mutual intensity function in 
the aperture and quasimonochromatic light.
Bakos and Kantor [91 also examined the one-dimensional case,
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using the Young-Rabinowicz diffraction theory and taking the correlation 
between two points of the edges of the slit exactly opposite each other 
as the coherence function. While they obtained some general agreement 
with experiment, their results appear to be somewhat at variance with 
later work, and with experiment in detail.
More recent work has been concerned with two-dimensional 
apertures, and is largely based on a Fourier transform relationship 
credited to Schell [10] . This relationship gives the Fraunhofer 
diffraction pattern intensity as the spatial Fourier transform of the 
product of the source degree of spatial coherence and the so-called 
amplitude autocorrelation function and is valid only for statistically 
stationary, quasimonochromatic, planar sources. It takes the form, with 
reference to figure 3.2,
where
I(P) A cos2 0 A 2 R 2
-ik sin 0^ .S
Y(S)C(S) e E “ dS 3.1
Source
C(S) 1A /i (S!) / 1(S! - S) dSJ Source
3.2
is the amplitude autocorrelation function of the source, A is the area 
of the source, y(S) is the source degree of spatial coherence, k = 2tt/A, 
with A the free-space wavelength, and the other quantities are defined 
in the figure.
As was mentioned in section 3 of Chapter II, this relationship 
appears to be a basic one linking the far-field radiance distribution to 
the coherence properties of a partially coherent field, and in fact is a 
form of the generalised Huygens' principle to be found in Wolf's work, 
specialised to planar, stationary, quasimonochromatic fields, and the 
Fraunhofer region of the far-field.
This Fourier transform relationship was applied by Shore [11] 
to the field in a circular aperture illuminated by partially coherent 
light, again assuming an exponential correlation function in the 
aperture.
Two papers, one by Shore, Thompson and Whitney [12], the other 
by Singh and Dhillon [13], provide comprehensive reviews of the various
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SOURCE
Fig. 3.2: Geometry of Fraunhofer diffraction. The observation plane
(x',y') is far from the aperture, and parallel to it. (p lies in 
the observation plane.)
efforts in this field, all of which, apart from that of Bakos and Kantor 
referred to above, use this same Fourier relationship, and apply it to 
various diffracting systems with various forms of coherence function in 
the apertures. Reference [12] provides an extensive comparison of 
theory with experiment, including the case of a circular aperture with a 
Besinc correlation function which is of particular relevance to this 
study. In that reference, it is pointed out that the theory used is 
valid only for the intensity distribution on the Fraunhofer plane. In 
fact, comparison is made with experiment only for a very small angular 
region close to the optical axis, such that angles of diffraction are
_ gless than 10 radians.
More recently, Som and Biswas [14] have presented an 
independent derivation based upon the scalar Kirchhoff diffraction 
integral and showing similarities to the derivation suggested by Hopkins 
[12] for a generalised law for the propagation of partially coherent
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light through an optical system. They showed their result for the far- 
field radiance distribution to be exactly equivalent to that obtained by 
Schell [10] within the bounds of the Fraunhofer region. They then used 
their result to investigate the far-field intensity distribution and 
coherence properties of a circular aperture, illuminated by partially 
coherent light having a Besinc correlation function.
In a rather similar way to that adopted in [14], an expression 
is obtained, in the next section, for the far-field radiance 
distribution of a circular aperture, using the vector Kirchhoff 
diffraction integral. The analysis is again for a Besinc correlated 
optical field, but is not restricted to the Fraunhofer region.
3.4 THE VECTOR KIRCHHOFF THEORY FOR THE
DIFFRACTION OF PARTIALLY COHERENT LIGHT
(a) Theory
A form of the vector Kirchhoff diffraction integral which 
gives the far-field amplitude distribution in terms of the aperture 
field, for a planar, circular aperture, is, with reference to figure 3.3 
and p.292 of ref. [5],
E (R)
lkRle ,-----  k x2TTR - z x e (r) e dr 4.1
aperture
where the incident field is assumed to be an on-axis plane wave, 
k = j k I = 2tt/X, with X the free-space wavelength, R = |r | and z is a 
unit vector (the ~ is used to indicate a unit vector).
For the purposes of this analysis, it is assumed that the 
field in the aperture is unpolarised, partially coherent, of 
any spectral width, both temporally and spatially stationary (i.e. it is 
homogeneous and isotropic, with uniform intensity) and that it lies in 
the plane of the aperture. The aperture is large compared to the wave­
length and the observation point is far from the aperture.
These assumptions do not destroy the relevance of this
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Fig. 3.3: Geometry and coordinates of diffraction at a circular
aperture. The aperture lies in the xy plane at z = 0.
analysis to the problem of the excitation of an optical fibre, for, as 
was stated in the Introduction, Chapter I, section 2, the refractive 
index difference between the core and the cladding (considered infinite 
in extent) is very small, so that the half-space occupied by the fibre 
may be considered homogeneous in some first approximation. Also, the 
fibres under consideration are multimode fibres, i.e. they have large V 
values, hence their radii are large compared to the wavelength of the 
light, and as only bound modes of these fibres are being taken into 
account, the near-field, which corresponds to a transient region of the 
fibre field [15] where power is leaving the fibre core, is not of 
interest. There is little loss of generality involved in the 
assumptions of spatial stationarity and lack of polarisation of the 
field, and some variations on these conditions are considered when 
specific examples of sources are dealt with.
The aperture field electric component is represented by the 
Fourier integral
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E(r,t)
oo
E(r,V) -i2TTVte dV ,
o
4.2
where the analytic signal representation of the real field has been used.
For each frequency component, the vector Kirchhoff integral 
(4.1) gives the far-field distribution as
£ (R,V)
. lkR le— ----  k x2TTR -
~  ^, x -ik.r.z x e (r,V) e - - d r 4.3
aperture
The power spectrum in the far-field is given by
P(R,V,V') = <£(R,V).£ (R,V ' )) , 4.4
where ( ) indicates an ensemble average and * the complex conjugate, and
so the total power at the point R is, assuming the Fourier integral 
exists,
P (R) . /s, , yv* , ,. . -i2TTVt ,< £ (R,V) .£ (R,V ) > e dv , 4.5
or substituting from (4.2)
P (R) 4tt2R2 •
-i27TVt , e q v (k x z x E (r:,V) .k ' x z x e (r2 ,V)
- i [ k.rn - k ',r9] ,  ^ x . ,x e - -1 - -2 drxdr2 ) . 4.6
The aperture field can be written in component form as
E (r, V) = x E (r,V) + y E (r,V) - -  x - - y - 4.7
Noting that for unpolarised light (see [4], Chapter X),
<E (r , V) E (r , V ') ) = <E (r.,V)E (r ,V')> = ^W(r ,r , V , V ) ,x -1 x -z y y ~ 2  -i
( E (r, ,V) E* (r2 , V  ) ) = ( E (rj ,V)E* (r2 ,V') > = 0 ,x - y - y _ y -
and since the field has been assumed stationary, the frequency
4.8a
4.8b
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components are uncorrelated (see e.g. [16]). Then
w(Ei ' * 2 'V 'V '} = w(£i'£z'V) (5(v - v ') 4.9
is the cross-spectral density function, where 6 is the Dirac delta 
function, and
P(R) 87T2 R2 J
-i2TTVt , e dV (k x y.k x y + k x x.k x x)W(r ,r2 ,V)
aperture
x e^ -(n -n> dr]dr2 4.10
and the real power flow into unit solid angle dfü = sin 0 dO d(f), using the 
polar coordinates in figure 3.3 is given by
P(6) 16tT [2k2 - (k.y) 2 - (k.x)]r(r1,r2,T) e^"-’^-2 -1 ^ drjdr2 ,
aperture 4.11
where
r(rx,r2 ,t )
,oo TT/ > -i27TVtVJ (r i , r 2 , "I) e dv
Jo
4.12
is the mutual coherence function in the aperture.
With reference to the figure again,
k = k(sin0 cos (j), sin 0 sine}), cos 0) 4.13
so that finally
(1 + cos2 0) k2 
16tt:P (0) e ^ - ‘ (' - 2 drxdr2 4.14
aperture
Not surprisingly, this result corresponds very closely to 
those previously mentioned, obtained by other means, but all relating 
the far-field radiance distribution to the aperture field coherence 
function. The differences are very minor, the vector formalism produces 
a 2^ (1 + cos2 0) factor instead of the more common cos2 0, but this makes 
no appreciable difference in the range of 0 for which any of the results 
are valid, as in that range cos 0 %  1. Also, this expression gives the 
radiance in a specific direction, rather than the intensity in the
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Fraunhofer plane, but again this does not affect the result, since this 
plane is infinitely remote from the aperture.
The expression in (4.14) should be normalised by the total 
power incident on the aperture, which is given by
P. = TTp2l , 4.15m e
where p is the radius of the aperture and I is the real intensity in the 
aperture, given by, since the field is assumed homogeneous and isotropic, 
and the analytic signal representation has been used,
I=^(E(r,t)E(r,t)>. 4.16
In [17], a similar derivation is presented for quasimono- 
chromatic light, using the mutual intensity function in the aperture.
In that analysis, the far-field radiance distribution is obtained by 
considering the Poynting vector at the field point R, defined at the 
mean wavelength X0, i.e.,
S(R) = E(R) x H (R) ,
E(R).E*(R) kQ ,
4.17
where it has been assumed that the far-field radiation may be treated as 
a plane wave so that
H(R) k0 x E(R) , 4.18
where H(R) is the magnetic field component, Ej and p are respectively 
the dielectric constant and permittivity in the half-space z>0, and kQ 
is the mean (or central) wave vector (the factor (Ej/p) is set = 1 for 
the rest of this analysis.
The real time averaged power flow at R is then given by, where 
the subscript q indicates quasimonochromatic,
= k< E (R) .E* (R) kQ ) .P (R)-q - 4.19
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Assuming that the Kirchhoff diffraction integral (4.1) applies to 
the quasimonochromatic light, this may be rewritten in terms of the 
aperture field in an analogous way to that given in (4.6) above, i.e.
P (R) -q - 4tt2R2
aperture
k0 x z x E^(r1) . k 0 x z x E M £ 2)
v ik0 (r2 - r!) , sx e - - - d£xd£2 / 4.20
Again, using a component form of the aperture field such that
E (r) = x E (r) + y E (r)- q -  - x -  - y ~ 4.21
with
( E (r, ) E (r2)> = <E (r,)E (r2)) = hT (r,r2)x -l x —z y y q -1
(E (r j ) E (r2)> = <E (r,)E (r2)> = 0 ,x —1 y ~ y -1 x -z
the power flow into unit solid angle is given by
4.22
P (9)q
kn (1 + cos2 0)
1671' T (r.,r ) e1-0' (-2 -l} dr.dr„.4.23q - i - z  -l-z
aperture
For the purposes of calculation, it is this quasimonochromatic 
form that is used, involving the mutual intensity function rather than 
the mutual coherence function in the aperture. This would appear 
reasonable as it is the effects of spatial coherence changes that are 
being investigated, so that T = 0  in all cases, and the quasimono­
chromatic approximation is appropriate to the sources actually used.
(b) Results —  Circular Aperture and 
Besinc Correlation Function
The diffraction system considered here has circular symmetry, 
and this suggests the use of the Besinc correlation function (see e.g. 
[4], Chapter X), i.e.,
Y(s) r(s) = 2J!(As) 4.24I As
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where y(s) is the degree of spatial coherence, s = |s| = |r2 - r ^  and
•kI = ^(E(r) -E (r) > is the intensity at any point in the aperture. These 
quantities are independent of position as a result of the spatial 
stationarity of the aperture field. A is a parameter determining the 
degree of coherence and J is the Bessel function of the first kind (see 
e.g. [18] for all the Bessel function definitions and manipulations used 
here). The functional form of this correlation function is shown in 
figure 3.4, as a function of As.
In the aperture it is possible to define an area of coherence 
(again assuming spatial stationarity) having a radius of coherence,
Rcoh' ^e ^^ -nec  ^conventionally by (see fig. 3.4)
2J , (A R , )
y (s) = 0.88 = ------- — -- . 4.25A R . coh
This is not an entirely arbitrary choice of tolerance on 
y(s) =0.88, as then the argument of the Bessel function is = 1.
The independence of P^ (0) on $> the azimuthal field angle, 
enables the integral representation of the Bessel function [18] to be 
employed. In the quasimonochromatic case, writing k for kQ throughout 
and using the above definitions, (4.23) may be rewritten as [17]
P (6)q
Ik? (1 + cos2 0) ■ 2 tt ■P
4tt
P J i<s/Rcoh>
o o s/R
JQ (sk sin 0) r1dr1r2dr2da , 4.26
coh
where the polar coordinates in the aperture shown in figure 3.3 have 
been used, with a = \p2 - and p the aperture radius.
Unfortunately, this expression is not readily integrable, and 
it is desirable to find a form of the coherence function that is 
separable in the variables of integration. One approximation that 
achieves this is the series expansion
2J (As) n-- -1----S  2 a. J 0 (b.s) , n = 1,2,3 , . . . , 4.27
i=l
as then each term may be written using the Graf addition theorem of
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2 J (As)
s _ ^ coh
Fig. 3.4: The Besinc correlation function, showing the radius of
coherence, R , .coh
Bessel functions [18], as
J0(biS)
OO
S J, (b.r,)J. (b.r9) cos ka . . k i 1 k i 2k=-oo
4.28
Rather than use one of the well-established series expansions 
for which coefficients may be calculated, e.g. the Fourier-Bessel series, 
it was found convenient in this case to evaluate the coefficients by 
curve-fitting, using the minimising algorithm PRAXIS [19] at the zeros 
of the Besinc function, over the range of As of interest (i.e.
0 <  As <  2p) . While the convergence of this series has not been 
investigated theoretically, it was always found possible to reduce an 
error, e, defined by
£
*2p 2Jj(As) ny a J o(b±s) dsAs i=i 1
r2p 2J (As)
ds
•0 As
4.29
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by increasing the number of terms, n, included in the series. For the 
purposes of the calculation of the results presented here, the greatest 
value of n used, for the largest A corresponding to the most incoherent 
field considered, was 10; for all values of A used, a value of n was 
found to ensure that £ <  1%.
The use of the series expansion gives rise to a series of 
integrals of the form
h  -
C27T rp  r p  
J0 0 0
J Q (b^s)J (k sin 0^) r1dr1r2dr2 da , 4.30
and then using the Graf addition theorem twice, this may be reduced to
I .l
(V-. p)] 2
V “j dX ' 4.31
where V_^  and x are defined by
V 2 = b 2 + k 2 sin2 0 - 2b. k sin 0 cos X • 4.32l i  l
These integrals may be readily integrated numerically to give 
P (0), the diffraction pattern, asq
P (0)q
Ik2 (1+ cos2 0) 
4tt2
n
2
i=l
a . I.l l 4.33
In figure 3.5, several diffraction patterns are shown, for
various values of R , , measured in units of p, the aperture radius. Incoh
this figure, the curves are all normalised by the same field intensity 
and are drawn relative to the totally coherent diffraction pattern.
The diffraction patterns shown in this figure correspond very 
closely to those given in refs. [12] and [14] for the same situation, 
and the extensive comparisons between the theoretical results and 
experiment in [12] leave no doubt as to accuracy of these diffraction 
patterns for the range of kp sin 0 considered there, and so here.
A minor discrepancy between the results presented here and in
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.0001
kp sin 0
Fig. 3.5: Diffraction patterns for partially coherent light at a
circular aperture, with different radii of coherence in the aperture
( ^coh = 00' ^coh = 0.5; ....  ^coh “ 0.1;
(-----Rcoh = 0.05) •
[12] and [14] is the lack of any small central minima in the patterns
for some values of R . (or its equivalent in [12] and [14]). As thesecoh
minima are very small and do not appear in the experimental results they 
would not seem to be of great importance. Also, as they do not appear 
for all values of R it seems unlikely that they are a result of any
differences between this method and those employed in [12] and [14].
As R , is made smaller, the field becomes increasingly coh
incoherent, and in the limit of R , 0, the field is totally incoherent.coh
For these very small values of R . , the coherence function falls offcoh
very rapidly, and this may be used to construct an approximate form of 
(4.26) that can be integrated analytically. As Rco^ 0, the Besinc 
function behaves like the Dirac delta function, and the degree of 
coherence has a value (= 1) only for s « 0. Hence the variables of 
integration in (4.26) may be changed, and the upper limit set to 00 with-
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out changing the value of the integral, there being no effective 
contribution to it from outside the aperture, i.e.
P (0)q
Ik2 (1 + cos2 0)
?811 o o
11c *3■y(s) e r T dr x d(/j x sds dß ,
where ß is defined by s.rj = srj cos ß. Thus, with S = s/p,
P (0)q
Ik2 p4 R , (1 + cos2 0) coh
Ik2 p4 R2 (1 + cos2 0) coh
-oo
sJl
0 [R c o h J
R , <
Jn (Sk sin 0) dS , 4.35
4.36acoh kp sin 0
Ik2 p4 R2 , ( 1 + cos2 0) coh 1
^coh kp sin 0 4.36b
Rcoh kp sin 0 4.36c
where now R ^ is normalised by p, the aperture radius.
The angular dependence of P (0) on 0 shown in (4.36a)
corresponds to that predicted in [20], obtained by using a delta-
function representation for the correlation function of an incoherent
field in the aperture. However, it can now be seen that a very small,
but finite, value of R , gives rise to a step-function in the angularcoh
dependence. Indeed, the more incoherent diffraction patterns shown
in figure 3.5 already exhibit this behaviour, dropping off rapidly at
kp sin 0 = 1/R , .coh
Referring back to the last section in Chapter II, where an
angle of coherence, 0 was introduced, it can be again seen that this
angle, for the more incoherent fields at least, has a real meaning, as
sin 0 , = 1/kp R . is where the radiance distribution falls off sharply,coh coh
defining a cone of light radiated into the far-field by a partially 
coherent field.
It should be noted that this is an approximate result valid 
only for apertures large compared to the wavelength, and more 
importantly, large compared to the area of coherence in the aperture.
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These are just the conditions laid down in Chapter II for the angular 
spectrum representation to give a valid result, and which then led to a 
definition of the same angle of coherence.
At the other extreme, as R . ->°°f equally physically unattain-coh
able as R , 0, Y(s) = 1 for all values of s and may be taken outsidecoh
the integrals in (4.26), giving
P (0)q h  Ik2 p4 (1 + cos2 0)
Ji (kp sin 0) 2
kp sin 0 4.37
2which, when normalised by the aperture incident power ITTp , is identical 
to the diffraction pattern of a circular aperture for a normally 
incident plane wave given in [5], equation (9.103).
The total power radiated into the z >  0 half-space is given by 
integrating P (0) over all solid angles, i.e. for the general situation
Ik ^ vP (tot) = — y Z I. (tot) a. , 4.38q 4tt2 i=1 1 1
where now
I .l 47Tp4
rir/2 /•TT
0 Jo
K  (V.p)l2
(1 + cos2 0) sin 0 j— — j- dX d0 4.39
and again this must be evaluated numerically. In all the numerical 
integrations here, the mesh size chosen was such that doubling it 
changed the result by less than 1%.
The coherent (R , -+°°) result is obtained by integrating coh
(4.37) over all solid angles for z>0, and again, if this is normalised 
by the total incident power, a transmission coefficient, T, is obtained 
that agrees exactly with that given in [5] for an on-axis plane wave at 
a circular aperture, i.e.
T
P (tot)_q_____
ITTp2
r /2 o r 2 1J 2 (kp sin 0) n sin 0sin U d0 4.39
In the incoherent situation, R . ->0, it is the step functioncoh
as in (4.26) that is integrated over all z > 0  solid angles, i.e.
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P (tot)q
2 „ 4 _ 2Ik p Rcoh 2TT rTT/2 (1 + cos2 0) sin 0 d6 d(j) , 4.40
2or, using the step-function cut-off, and normalising by ITTp ,
P (tot) = k2 p2 R2 ( C°^ (1 + cos2 0) sin 0 d0 . 4.41q coh Jo
Remembering that the theory is valid only for sin 0 ~ 0, and using 
the appropriate approximate form in the integral,
P (tot)q k2 p2 R2coh
1/kp Rcoh 0 d0 ,
= 1 ,
4.42
which is reasonable as the aperture must be large for this approximate 
form to be valid, and the incident beam is transmitted by it largely 
unimpeded.
(c) Comments
The differences between the diffraction pattern obtained using 
a vector formalism and using a scalar formalism are negligible, in the 
range for which the Kirchhoff theory is valid, unless the aperture field 
is polarised. A scalar method cannot take the polarisation into account, 
and the vector form would be expected to yield more reliable results.
In the present context this is unlikely to be of practical importance, 
as the partially coherent sources considered here may be assumed 
unpolarised, while the polarised sources (lasers) may be assumed totally 
coherent.
The results obtained here are to be used to normalise the
power launched into an optical fibre by a partially coherent source.
Thus it is essential that they are valid for the geometry typical of
this situation. Light radiated into a fibre core remains trapped if it
makes an angle to the fibre axis 0 <  0 , the critical angle (seez c
Chapter I, section 2 and Chapter IV). In practice this critical angle,
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even for the largest V fibres, remains less than 0.3 radians, for which 
6 differs from sin 0 by <1.5%. Hence the diffraction patterns 
calculated here may be expected to be accurate over the range of 0 
relevant to the trapped power in an optical waveguide.
The total power radiated by the field into the fibre is 
obtained by integrating over all z > 0 solid angles. This total is 
unlikely to be accurate if there are large contributions to the 
integrals from large angles of diffraction. For highly coherent fields, 
large R^^, there is no problem as the diffraction pattern falls off 
very quickly for increasing angles of diffraction, but for highly 
incoherent fields, small R the diffraction pattern is essentially
constant for angles up to 0 , = sin_1ll/kR , } , with R . in physical
units.
For the most incoherent fields, the coherence falls to zero in
a distance of the same order as the wavelength, hence R , % 0.3 A (forcoh
a Besinc function). The maximum angle associated with significant power 
flow is then given by 0^ ~ 0.5 radians, and again this suggests that the 
results should give accurate normalisation even for the most incoherent 
fields.
The diffraction pattern for the most incoherent field shown in
figure 3.5 was calculated for R , =0.05 p. That this is representativecoh
of a highly incoherent case may be seen by the shape of this diffraction
pattern, which closely resembles the shape predicted using the
approximate result for highly incoherent fields. For values of
R , >0.5 p, the diffraction patterns are very similar to the plane wave coh
(totally coherent) results, indicating that the field in the aperture 
then appears to be effectively totally coherent.
3.5 DIFFRACTION OF PARTIALLY COHERENT LIGHT 
USING THE ANGULAR SPECTRUM OF PLANE 
WAVES REPRESENTATION
In the last section of Chapter II, the representation of a 
partially coherent field by an angular spectrum of plane waves was 
introduced. In particular, one such spectrum was described, consisting
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of independent plane waves, each weighted so as to give a partially 
coherent field with a Besinc correlation function. This ensemble has 
the attraction that an arbitrary member may be used in a calculation, 
and the total effect of the whole spectrum, and hence the field., 
obtained by summation.
As an example, this technique may be applied to the 
diffraction at a circular aperture of partially coherent light with a 
Besinc correlation function [21]. In this case the diffraction pattern 
for a plane wave incident on a circular aperture at an arbitrary angle 
is calculated, and the total power found by adding up the powers of the 
individual field contributions; this is indicated schematically in 
figure 3.6.
Formally, with reference to figure 3.7, the power flow through 
the point Q in the far-field observation plane at z = zQ, is given by
p (ro) = || Pdif(r,rQ) D(r) dr , 5.1
z = z0
where P.._(r,rn) is the power through Q given by a totally coherent dif - -u
(plane wave) diffraction pattern, from the aperture at z = 0, centred on 
the point r, and D(r) is the weighting of this pattern according to the 
plane wave direction incident on the aperture. In terms of angles
rQ = rQ (sin 0O , 0, cos 0O ) ,
r = r (sin 0 coscj), sin 0 sine}), cos 0) ,
and a new angle is defined by
5.2
cos a = r.rQ/|rI |rQ | . 5.3
For a circular aperture, and small angles of diffraction,
Pdif(-'-o} = Adif(a) 72" ' 5*4
zo
where c is a constant and the approximation has been made that
r % rA zn. A,..(a), where a is defined in (5.3), is the plane wave0 u d 1 f
diffraction pattern, i.e. the Airy diffraction pattern, and is given by
Fig. 3.6: Diffraction of partially coherent light by an aperture of
radius in the z = 0 plane. I is the intensity in the
observation plane, z = zQ .  ^ is the diffraction angle, Gcop is
the coherence angle and the pattern for 9co^ >> Q^if is illustrated.
A . (a)dif 5.5
Using these definitions, in terms of the angles, the 
diffraction pattern becomes
P(0O)
r 2tT (7r/2
0 0
Adif (a)B(0,(J)) sin 0 d0 d(j) , 5.6
where the weighting factor D(r) has been replaced by B (0,cj)) , which for 
the ensemble of independent plane waves to give a Besinc correlation 
function is (Chapter II, section 4)
B (0 ,({)) = B0 cos 0 0 < 0 < 0coh '
5.7
0 0 > 0 coh
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Fig. 3.7: Geometry of diffraction system. Q is the observation point
in the plane z = z0. The power at Q is given by integrating over the 
contributions from diffraction patterns centred at points P, due to 
a plane wave incident on the aperture in the z = 0 plane.
so that
P(6o;6coh) - BoC
2 tt coh Adif(a) cos 0 sin 0 d0 d(j) . 5.8
o o
The substitution of A,.-(a) from (5.5) into (5.8) would givedif
the same results as those obtained otherwise for the partially coherent 
diffraction pattern (see sections 3 and 4), but the real value of this 
formulation is that (5.8) can be used to demonstrate qualitatively, at 
least, how partial coherence and diffraction interact.
In order to proceed in this way, it is necessary to rewrite 
(5.5) as some function of 0 and (f) in (5.8). Noting that
sin2 a = sin2 0 + sin2 0Q - sin2 0 sin2 0Q (1 + cos2 (f>)
- 2 sin 0 sin 0O cos 0 cos 0O cos (j) , 5.9
then for small 0 and 0 ,
sin a - /sin2 0 + sin2 0Q - 2 sin 0 sin0o cos (J) .
This suggests defining a vector p in the observation plane such that
5.10
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P = (p»4>) = (sin 0 ,<i>) /
20 = (P0,O) E (sin0o,O) .
5.11
The diffraction pattern may then be written as
P(Go;0coh) j Adif(lp-pol) pdpd(f) 5.12
The interaction between the partial coherence of the aperture
field, characterised by 0 , , defined bycoh
sin 0coh k R 5.13coh
where R , is radius of coherence in the aperture, and the plane wave coh
diffraction pattern, characterised by 0 ^ , defined by
sin 0dif k R 5.14dif
where R.._ is the radius of the aperture, now appears in the form of a dif
convolution, i.e.
p (0„;6coh) = CB0 Adif(p) ** H (p) , 5.15
where ** indicates a two-dimensional convolution and H(p) is the step- 
function defined by (using the small angle approximation, 0 «  sin 0)
H(p) = H (p) = 1
=  0
This is indicated in figure 3.8, where the major domain of
influence of A_,.^(p) is represented by the disc of radius 0 n.^ .dif - dif
As an example of how this demonstrates the shape of the 
partially coherent diffraction pattern, it is assumed that takes
the form,
p < 0 , , coh
p > 0coh
5.16
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Fig. 3.8: Geometrical convolution of A^f (radius with the step-
function H (p) (radius 0CO )^ required for calculating diffraction 
patterns. Small angles assumed, sin 0 ~ 0, sin a % a.
Adif(e> ■ Adif(p) = (0*dif -P2)2 , P <  9dif -
5.17
0 f P > edif •
The convolution shown diagrammatically in figure 3.8 then gives
P<0°;0coh) ° e0 > 0,^ + 0 dif coh 5.18a
“ W 6«1 ' °coh <<: 9dif ; 5.18b
= constant , 0coh > °dif ' C
D
o /A 0coh dif 5.18c
This result is shown in figure 3.9, where the diffraction
patterns for various values of 0 relative to
calculated using the form of A ^  (p) i-n (5.17).
0 ,.„ have been dif
If the Airy pattern had
been used in the calculations, then, while the overall behaviour would
remain the same, the sharp cut-off at 0n = 0,..+ 0 , would be replacedu dif coh
by a decreasing and oscillating small tail, as appears in the 
diffraction patterns shown in figure 3.5.
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PAoAWi)
P(OA-öa)
Fig. 3.9: Shape of diffraction pattern for various values of
®coh = N®dif* The curves are labelled by N. The N = 0 curve shows 
the shape of the diffraction pattern for a plane wave (eqn. 5.17).
It is possible to use this technique to examine other 
situations not readily treated using the more conventional methods. For 
example, in the case of diffraction at an elliptical aperture, the 
diffraction pattern is stretched (see [4], sect. 8.5.3). Now,
6dif(y) 9dif '
6dif(x) = y6dif '
5.20a
5.20b
where x and y refer to coordinates in the observation plane and y is the
ratio of the minor to major axis. The convolution is shown
schematically in figure 3.10, and in figure 3.11 are shown the resulting
cross sections of the diffraction pattern parallel to the x-axis (versus
0 ) and parallel to the y-axis (versus 0 ), again using the form ofox oy
the plane wave diffraction pattern defined in (5.17), setting y = 2 and
0coh N0dif'
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Fig. 3.10: Geometrical convolution for calculating diffraction at an
elliptical aperture. 0 (x) = fiO (y) (eqn. 5.20).
The field incident on the diffracting aperture has so far 
been assumed to be uniform. A non-uniform field would require some 
correlation between the component plane waves of the ensemble, as can be 
deduced from' the results in [16]. An alternative approach would be to 
involve different basis states for defining the ensemble. For example, 
it is possible to use Gaussian beams, so that the factor exp(ik.r) in 
(4.5) of Chapter II is replaced by
G(k,W) ik.r -(R/W)2 e - - e 5.21
in the z = 0 plane, where R is the radial length in that plane. This
then gives y 12 uniform in the aperture, and as shown in (4.19), but T12
non-uniform, i.e. an intensity variation like exp(-2R2/W2). The basis
diffraction function P „._ or A ' _ , must now be for a Gaussian beam ondif dif
the diffracting aperture, and this defines a new angle of diffraction
0 ( G ) . Alternatively again, it is possible to represent each G(k,W) dif ~
by another angular spectrum [22] in which case a new angle 0 is
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P(QqA wi)
P(O,0WA)
Fig. 3.11: Diffraction patterns for diffraction at an elliptical
aperture with p = 2, and 0coh = N9dif (N >  2). Equation (5.17) has 
been used for each plane wave component.
introduced, defined by
5.22
which measures the spread of directions in the component beam G. The
problem could then be discussed in terms of 0 , and 0,. (G), or incoh dif
terms of 0 _ , 0 n._ and 0 . In the latter case, the plane waves formingcoh dif G ^
each G would diffract with characteristic angle 0 and then thedif
diffraction fields would have to be summed over their basic originating
angles up to 0 . The powers associated with each G must then be summed G
over all coherence angles up to 0 , to give the final diffractioncoh
pattern. The correlation of the waves forming a particular G require 
field amplitudes to be summed, rather than intensities as is otherwise 
the case, indicating the equivalence of this technique to that first 
mentioned, whereby the basic states remain plane waves, but some 
correlation between them is introduced.
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If the plane waves in such a spectrum, or ensemble, are 
correlated, then it becomes necessary to use field amplitudes rather 
than intensities in the calculation of the diffraction patterns, and 
make use of the angular correlation function introduced in section 4 of 
Chapter II.
If E n. _ (0 ,0 ,r_ ,0)) is the field produced at r„ (ref. fig. 3.6) dif -o
by an incident plane wave with frequency 0), in direction 0,0, the total 
field is given by
Etot(-° ,Q3) E . (0,0, rn ,go) b (0,0 ,03) sin 0 d0 d0 ,dif -u 5.23
where b (0,0,0)) is the strength of each plane wave of frequency 0) 
incident at 0,0.
The power spectrum at the point rQ is then given by
P (rQ , ü o ,(j ü ' ) =  ( J J Edif (0'0'-o ,(j0^ Edif »£0 ,a)') (9 #/-to)
x b (0 ' ,0 ' ,üj') sin 0 d0 d0 sin 0' d0 ' d0 ' ) , 5.24
where < > indicates an ensemble average (see section 4).
Noting then that
< b(0,0,w)b*(0',0',0)') > = a(0,0,0',0',03)6(0)-oj') 5.25
defines the angular correlation function a (0,0,0 ' , 0 ' ,0)) , the total power 
flow through rQ is given by
P(r0) Edif ,U^ Edif rQ ,03) a (0,0,0 ' ,0 ' ,03)
x sin 0 d0 d0 sin 0 1 d0 ' d01 , 5.26
where it has been assumed that the analytic signal representation of the 
field quantities has been used, and that the appropriate Fourier 
transforms exist (cf. Chapter II).
With the various techniques and more or less intuitive ideas 
about the diffraction of partially coherent light, it is possible to
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examine the excitation of an optical fibre by a partially coherent 
optical field not only by the rigorous electromagnetic modal analysis 
that follows immediately in the next chapter, but also using the much 
more physically obvious methods associated with geometric optics . These 
methods appear in the latter part of Chapter V, and are particularly 
useful for the treatment of the graded index fibre for which the mode 
fields are not in a convenient functional form.
The power launched in the optical fibres considered in 
Chapter V, and subsequently, will always be normalised using the 
results obtained, one way or another, in this chapter, so that the 
results obtained always represent a launching efficiency coefficient for 
simplicity of comparison of variously coherent sources.
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CHAPTER IV
THE PARTIALLY COHERENT EXCITATION 
OF AN OPTICAL FIBRE: I. THEORY
4.1 INTRODUCTION
The excitation of an optical fibre requires no more than the 
directing of light onto the end face of the fibre core such that at 
least some of it remains trapped within the core.
One simple way to do this is to image an incandescent or high 
pressure discharge lamp onto the fibre end with a lens system. Usually 
the light is spectrally filtered, to reduce wavelength dependent effects, 
and the image space numerical aperture of the lens is chosen to be at 
least as big as that of the fibre, to maximise the light transmitted by 
the fibre. Such excitation is commonly labelled "incoherent", regard­
less of the properties of the primary source, and is assumed to excite 
all modes of the fibre equally. Even when a laser beam is used in this 
way the assumption of equal excitation of all modes is usually made, as 
long as the numerical aperture of the fibre is filled with the incident 
light, which is now clearly not incoherent (see e.g. [1]).
A common alternative is to direct a laser beam onto the end of 
the fibre, or pass it through an optical system including a spatial 
filter and so on to the fibre. The axis of the incident beam may be 
inclined to the fibre axis, and the object is to create a field on the 
end of the fibre that closely matches a particular mode field (see e.g. 
[2]). This excitation condition is naturally referred to as "coherent", 
and results in the launching of a specific mode, or mode type [3-5] .
These techniques are commonly used to investigate the 
properties of optical fibres (see e.g. [1,6,7]) and have also been used
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in experimental communications systems. It is more common now, however, 
to use either the light emitting diode (LED) or the semiconductor diode 
laser for a source in a practical communications system [8]. These 
devices are discussed in Chapter VI.
Generally, LED excitation is classed as incoherent and diode 
laser excitation as coherent (see e.g. [8]). While the LED derives its 
radiation from a random process, the recombination of carrier-hole pairs, 
and does have a more or less isotropic radiation pattern [9], it does 
not otherwise resemble the classical incoherent sources, the thermal or 
black-body radiators. The diode lasers "possess few of the attributes 
normally associated with lasers" as Gooch [10] has said, albeit of the 
earlier types. However, the problems inherent in these have largely 
been overcome [8], particularly in the stripe geometry lasers. These 
points are more fully discussed in Chapter VI.
In any case, the practical excitation conditions do not much 
resemble the idealised totally incoherent or totally coherent cases.
These approximations, and the very great difference in the results of 
the two extreme types of excitation, suggest the need for a general 
analysis that takes into account the actual coherence properties of the 
source. Given sufficient information about an actual excitation system, 
such an analysis should be able to evaluate the modal power distribution, 
leading to the correct interpretation of experimental results and 
allowing an assessment of the validity of the totally incoherent or 
totally coherent approximations.
The analyses of partially coherent excitation presented here 
and in the next chapter deal with the excitation of an optical fibre by 
some arbitrary partially coherent field in the plane of the entrance 
face of the fibre [11,12,13]. The details of this field may be derived 
from a knowledge of the properties of the physical source and 
excitation system geometry. Hence, without any loss of generality, the 
source referred to in the analyses is this field, with no reference 
being made to any specific physical source. In this context, partial 
coherence refers to the spatial coherence of this field (cf. Chapter II), 
and it is only the effects due to differing degrees of spatial coherence 
that are investigated.
4.2 77
In the next section, the mechanism of excitation of an optical 
fibre is discussed in terms of both electromagnetic mode theory and 
geometric optics. Previous analyses of totally coherent and totally 
incoherent excitation are briefly discussed.
The excitation by a polychromatic partially coherent field is 
considered in section 3 using electromagnetic mode theory, with the 
coherent, incoherent and quasimonochromatic approximations being derived 
from the general result. The quasimonochromatic formalism is separately 
developed in section 4, based on the previous analyses of coherent and 
incoherent excitation [3,14,15] and shown to coincide with the form 
derived from the general result.
In the next chapter, the quasimonochromatic formalism is 
applied to a step index fibre and used to obtain some numerical results 
and asymptotic expressions for the bound mode power. A geometric optics 
approach is also used to obtain results for both step and graded index 
fibres, for both bound and leaky ray powers.
4.2 THE MECHANISM OF EXCITATION 
(a) Electromagnetic Mode Theory
The launching and propagation of electromagnetic energy on an 
optical fibre may be analysed by considering the normal modes of a 
circular cross-section, semi-infinite, dielectric rod or waveguide. The 
subject of dielectric waveguide theory lies outside the scope of this 
thesis and has been dealt with competently elsewhere (see e.g. [16-20]). 
Only those aspects of particular relevance are discussed here, and only 
approximate forms appropriate to the circumstances are considered.
The normal modes of a dielectric waveguide form a complete 
set, composed of the discrete spectrum of bound modes representing 
trapped or guided power, and a continuum of unbound modes representing 
the radiation field. The mode fields are solutions of the source-free 
Maxwell equations, satisfy the boundary conditions of the structure and 
conform to the radiation condition at infinity. Inside and in the 
immediate vicinity of the fibre core the radiation field may be
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accurately represented by leaky inodes, which are bound inodes below cut­
off, .i.e. they have complex eigenvalues (see e.g. [ 21J) .
In this study, it is only the guided power that is of interest, 
and so only the bound modes are considered. These are mutually 
orthogonal, have well defined phase and group velocities, cross- 
sectional intensity distributions and polarisation, and propagate 
unchanged along an ideal loss-less fibre. They are guided by the core, 
even though their fields may extend appreciably beyond the core-cladding 
interface, decaying exponentially in the radial direction.
As the modes form a complete set, any guided field propagating 
along the fibre may be expanded as a sum over the bound modes, i.e. 
assuming the fibre axis to lie along the z-axis, and the fibre to extend 
over 0 ^  z ^  oo (and so only forward propagating modes are included) ,
i (o)t - 3 z)
E (r) = 2 a e (r) ep P-P-
1.1
where r is a position vector in the fibre cross-section, a , e and 3
P "P P
are respectively the amplitude coefficient, transverse electric field 
vector and propagation constant of the p*~^  mode, and p represents both 
the azimuthal and the radial mode labels, 1 and m; the summation 
extends over all bound modes. The propagation constants, 3^/ of the 
bound modes lie between kj = njk and k2 = n 2k, with k = 2tt/A , where A is 
the freespace wavelength, and n x and n2 (< nx) are the refractive 
indices of the core (on axis in the graded index fibre) and cladding 
respectively. If 3 < k2 , then the mode is cut off and is no longer
bound to the core.
The modal amplitude coefficients, a , depend upon the 
excitation conditions and may be determined using the orthonormality of 
the mode fields and the modal expansion at the entrance face of the 
fibre. Unfortunately, equating the fibre field to the total excitation 
field, which includes the incident field plus any reflected and trans­
mitted fields at z = 0, makes the evaluation of the a^'s very difficult 
(see [22] for a discussion of this, or e.g. [23]). However, in the case 
of the practical fibre, the refractive index difference between the core 
and the cladding is negligibly small and it may be assumed that there is
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a v e r y  s m a l l  r e f r a c t i v e  i n d e x  d i f f e r e n c e  a t  t h e  z = 0 p l a n e .  U n d e r  t h e s e  
c o n d i t i o n s  i t  i s  r e a s o n a b l e  t o  d i s r e g a r d  t h e  r e f l e c t e d  f i e l d  and an y  
s c a t t e r e d  f i e l d  and t o  e q u a t e  t h e  z = 0 f i b r e  f i e l d  t o  o n l y  t h e  a c t u a l  
i n c i d e n t  f i e l d  t h e r e .  T h i s  i s  r e f e r r e d  t o  a s  t h e  B o r n - K i r c h h o f f  
a p p r o x i m a t i o n  [ 3 , 2 4 ]  and i n v o l v e s  t h e  same i n c o n s i s t e n c y  t h a t  r e s t r i c t s  
t h e  K i r c h h o f f  d i f f r a c t i o n  t h e o r y  t o  t h e  s h o r t  w a v e l e n g t h  l i m i t  and t o  
s m a l l  a n g l e s  o f  d i f f r a c t i o n  ( c f .  C h a p t e r  I I I ) .  H owever ,  S n y d e r  i n  [3] 
h a s  s u g g e s t e d  t h a t  b e c a u s e  o f  t h e  s m a l l  r e f r a c t i v e  i n d e x  d i f f e r e n c e ,  
n x -  n 2 , t h e  r e s u l t s  a r e  v a l i d  f o r  an y  f r e q u e n c y  o f  i n t e r e s t  t o  o p t i c a l  
f i b r e s .  A l s o ,  i f  t h e  z = 0 r e f r a c t i v e  i n d e x  c h a n g e  i s  s m a l l ,  t h e  
F r e s n e l  r e f l e c t i o n  l aw  c a n  b e  u s e d  t o  c o r r e c t l y  e s t i m a t e  t h e  e f f e c t s  o f  
l a r g e r  a n g l e s  o f  i n c i d e n c e  on t h e  f i e l d  i n  t h e  z = 0 p l a n e  [ 1 4 , 2 3 ]  .
U s in g  t h i s  a p p r o x i m a t e  f o r m a l i s m ,  t h e  a m p l i t u d e  c o e f f i c i e n t s  
may b e  r e a d i l y  o b t a i n e d  by e q u a t i n g  t h e  mode e x p a n s i o n  a t  z = 0 t o  t h e  
i n c i d e n t  f i e l d  ( a s s u m i n g  t h e  F r e s n e l  c o e f f i c i e n t  t o  b e  = 1 h e r e ) , an d  
u s i n g  t h e  o r t h o n o r m a l i t y  o f  t h e  mode f i e l d s ,  i . e .
*
e x h . z d r  = 6 , 1 . 2
J A - p  - q  -  -  pq
^o o
w h e re  6 i s  t h e  K r o n e c k e r  d e l t a ,  z i s  a u n i t  v e c t o r  an d  t h e  i n t e g r a l  i s  
p q
o v e r  t h e  i n f i n i t e  c r o s s - s e c t i o n .
From ( 1 . 1 ) ,  a t  z = 0
E. ( r )  = 2  a  e ( r ,w )  , 1 . 3
- m e  -  P "P -
w here  a f a c t o r  e ^ Wt i s  u n d e r s t o o d .
I n  t h e  a p p r o x i m a t i o n  t h a t  t h e  modes  a r e  f a r  f rom c u t - o f f ,  o r  
t h a t  n 1 «  n 2 , t h e  m a g n e t i c  an d  e l e c t r i c  c o m p o n e n t s  o f  t h e  mode f i e l d s  
a r e  r e l a t e d  by  [3]
and t h e n
h = / e , / y  z x e , 
- p  1 ~ "P
a = / e ,  / y  E. ( r ) . e  d r  , 
p 1 „ - i n c  -  - p  ~Ae
1 . 4
1 . 5
w he re  E l (= n ^ ) an d  y a r e  r e s p e c t i v e l y  t h e  d i e l e c t r i c  c o n s t a n t  an d
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permeability in the core, and the integral extends over the area covered 
by the incident field at z = 0.
While this modal analysis is very accurate, given the inherent 
restrictions, and provides a highly detailed description, it must be 
appreciated that it is only useful when the mode fields of the fibre 
under consideration are known, as in the case of the commonly occurring 
step index fibre. The other frequently used fibre, the near-parabolic 
graded index fibre, does not have convenient functional forms for the 
mode fields. Additionally, each mode must be dealt with independently, 
which rapidly makes the analysis unwieldy for large V fibres, such as 
are used for communications purposes (for the multimode fibre, the 
number of bound modes, N, is proportional to V2 , and is given by V2/2 
for the step fibre [25]). For these reasons the geometric optics 
description discussed below is very important.
(b) Geometric Optics
This description is essentially an asymptotic one, exact only 
in the limit as the wavelength A -> 0. The fields of the previous 
description are replaced by rays, which only have direction, and 
amplitudes are replaced by intensities, with no phase information being 
retained. Such a simplified description cannot give the detailed 
results of the modal description, and it is only valid for large V 
fibres. However, it may be used for any type of index profile fibre, 
and takes over naturally from a modal description as V increases for the 
step index fibre.
Initially, a large V, step index fibre is considered here. 
Within the core, rays at an angle to the fibre axis 0 ^ < 0 ^ = cos-1(n2/nJ) 
suffer total internal reflection at the core-cladding interface. These 
rays represent the guided power, and travel along the fibre, without 
losing any energy, undergoing repeated total internal reflections and 
maintaining a constant angle 0^ to the fibre axis. It is straight­
forward to map these rays into the "incident" space through the entrance 
face of the core, and so relate them to rays from a specific source.
Such trapped rays correspond to the bound mode power, and rays with
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0 >0 , which are refracted out into the cladding, correspond to thez c
radiation field power.
Unfortunately, the situation is more complicated than so far
indicated. This is due to the skewness of the vast majority of the
trapped rays (see e.g. [2,26]); only a very few are truly meridional,
i.e. lie in the plane of the axis and a diameter. All other rays have
some azimuthal direction component, and never intersect the axis.
According to the ray picture so far developed, it is sufficient that the
local angle of incidence, (as conventionally defined), be greater
than the compliment of 0 , defined above, for a ray to be trapped.
Obviously, skew rays can achieve this even when their projected
direction in a meridional plane gives 0 >0 (fig. 4.1). Hence, therez c
are two classes of trapped rays, according to geometric optics; those
with 0 <  0 , and those with 0 > 0 , but a. > sin-1(n0/n,) . This secondz c z c i z 1
class of rays, predicted by geometric optics to be trapped, has been 
shown [27] to actually lose energy at each reflection, i.e. are only 
partially reflected. They are referred to as tunnelling rays as this 
lost energy emerges as radiated energy at a caustic removed from the 
core-cladding interface. The smaller the amount of skewness of a 
tunnelling ray, the closer this caustic is to the interface [28]. 
Meridional rays are either trapped or refract out directly.
In the appropriate short wavelength limit the mode fields can 
each be decomposed into a family of rays, all having the same angle of 
incidence at the core-cladding interface. The rays of a bound mode are 
trapped rays and are totally internally reflected at the core-cladding 
interface. The rays making up a leaky mode undergo partial reflection 
at the interface, and are the tunnelling rays.
In the graded index fibre, it is the gradient of the
refractive index that provides the light trapping mechanism. A ray
entering on-axis, at an angle 0 in the core, travels through az
decreasing refractive index region. The ray path in such a region is 
continuously deflected away from the lower refractive index, so that at 
some point the ray "turns around", unless it has already reached the 
cladding, in which case it continues away from the core and so is lost, 
if the profile is continuous. If the ray has turned around before
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Fig. 4.1: Reflection of a skew ray at the core-cladding interface
reaching the cladding then it recrosses the axis, again at an angle 0^, 
and traces out a similar path. This is repeated between successive axis 
crossings to trap the ray, not only within the core, but within an outer 
caustic defined by the maximum excursion of the ray from the axis.
A critical angle may be defined, in a similar way to that for 
the step index fibre, by
1.6
where n is the refractive index on axis. This critical angle applies 
only to rays entering on axis, and is the one used in the definition of 
V for graded index fibres (V = kp n^ sin 0 ) . A more general critical 
angle, for any arbitrary point on the fibre end face is given by
cos 0 (r) c
cl
n (r) 'CO
1.7
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The condition for a ray to be trapped is then, at any point 
along its path in the fibre,
0 (r) < 0  (r) . 1.8z c
Again, there is a class of skew rays that are tunnelling rays, 
with 0^(r) > 0 (r) , but predicted by geometric optics to be trapped. The 
various aspects of ray tracing in graded index fibres, including the 
classification of the rays, are well covered in [29], The variation in 
refractive index across a radius leads to a similar variation in the 
acceptance properties of these fibres for the various classes of rays. 
This variation has been well summarised pictorially in [30], and the 
diagram has been reproduced in figure 4.2. In the step index fibre, the 
acceptance properties for the trapped rays remains constant across a 
radius, but the acceptance volume for the tunnelling rays increases 
toward the core-cladding interface; this is also indicated in the 
figure.
The attraction of the geometric optics approach is that the 
propagation of light into and along an optical fibre may be described by 
tracing rays from a source through the entrance face of the core and 
along the fibre, using the conventional laws of reflection and 
refraction (Snell's law). Various refinements may be built in to take 
account of for, example, the loss of trapped power by the scattering of 
light out of the core [29,39]. Given the directional properties of a 
field on the entrance face of any fibre and the acceptance properties of 
the fibre, the fate of all rays directed into the core at all points can 
be easily determined and so give the resulting angular power 
distribution propagated. This forms the basis of the analysis in 
Chapter V.
In the case of the semi-infinite fibre, all the power launched 
into the tunnelling rays will be lost from the core, and it is not 
strictly necessary to include them in any calculations. For finite 
lengths of fibre, considerable power may be carried in these rays, and 
should be taken into account [31].
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t unne l l i ng rays
bound  r a y s
b o u n d  rays only on axis
_g raded i ndexs t e p  i ndex
Fig. 4.2: Bound and tunnelling ray acceptance volumes on step and
graded index fibres. The circles and ellipses in the lower figures 
are projections of the volumes shown in the upper figure.
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(c) Previous Analyses
The modal description has been extensively used to examine
coherent excitation, not surprisingly since both involve the actual
optical field. Snyder’s early formulation of the plane wave excitation
[3] continues on from the steps in 2(a) above to relate the mode powers
P = 2^ 1 a I 2 to an incident truncated plane wave using the approximate P P
mode fields derived in an accompanying paper [18] for a step index 
fibre. This work was later extended [14] to include larger angles of 
incidence of the plane wave (using the Fresnel transmission coefficient 
at the fibre end face) and to relate the mode analysis to the geometric 
optics account of the acceptance properties of a step index fibre, in 
coherent light. The discrepancy discussed there eventually led to the 
discovery of the tunnelling rays [27].
The analysis in [3] showed that, especially in the case of an 
on-axis plane wave, the type, and even number, of modes is highly 
restricted. In fact, given an on-axis plane wave, only the HE family 
of modes may be launched, and for a large V fibre, illuminated only over 
the core end face, 80% of the incident power is launched into the HE 
mode. The substitution of a Gaussian beam for the truncated plane wave 
used by Snyder leads to theoretical launching efficiencies for the HE.^ 
mode of nearly 100% [4,5,32].
The incoherent situation has also been investigated using the
modal analysis for the step index fibre [15], with the source
represented by a quasimonochromatic, totally incoherent field on the end
of the fibre and making use of an envelope function approach [33]. That
analysis showed that in the limit of V -»•<», all modes are excited
equally, and the geometric optics result, obtained by tracing only bound
rays (all rays 0 <  0 ) is in error by only 100/V %.z c
The graded index fibre incoherent excitation has also been 
examined [34,35], with the source field based upon the Burrus type LED 
[36]. It was found in that study that such a source excites all modes 
equally if it is in contact with the end of the fibre and just covers 
the fibre core end face. The ray picture of incoherent excitation of a 
graded index fibre is covered in [29] , where uniform and non-uniform 
intensity sources are considered, and the directional properties of the 
source are included.
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4.3 OPTICAL FIBRE EXCITATION BY
POLYCHROMATIC PARTIALLY COHERENT SOURCES
The formalism developed here relates the power launched into 
the bound modes of an optical fibre to the coherence properties of the 
source field, i.e. the field on the end of the fibre. This field is 
assumed to be statistically stationary and unpolarised, and to have some 
finite spectral width. The fibre is aligned with a z-axis, and is semi­
infinite, extending over 0 <  z <  00, and is a weakly guiding fibre, i.e.
0 is small (cf. section 2 above). c
The source field at z = 0 is taken to be the incident field,
E. , using the Born-Kirchhoff approximation as explained in section ~ m e
2(a) . This is then equated to the fibre field at z = 0, written as
E = E +E , 3.1-f -B -R
where Er is the total bound or guided field. This, at frequency oo, may 
be expanded in terms of the bound mode fields as
E-B
N
2
p=l
a (oo) P e (r,(jo)-p - e
i (03t - (3 z) P 3.2
where a , e and ß are respectively the mode amplitude coefficient,
P -P p . thtransverse electric field vector and propagation constant of the p 
mode, r is a position vector in x-y plane and N = N(üü) is the number of 
propagating bound modes at frequency 00. Here, p represents both the 
azimuthal and radial mode labels Z and m and includes the two possible 
polarisations and symmetries of the mode fields.
The bound modes propagate unchanged along the ideal loss-less
fibre, but the component E is the radiation field which progressively~ R
leaves the core with increasing distance from the source. This field 
may be written as an integral over continuous modal components, i.e.
E-R aR (ü),q) eR (r,W,q)
i [cot - ß (q) a]Ke dq . 3.3
In the context of the semi-infinite fibre, this component may 
be excluded from the calculations, and so here the formalism is
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developed in terms of E alone, but E is returned to below.-B -R
The frequency component of the incident field, E. (03),- m e
excites modes with amplitude coefficients given by
a (u3) P
z=0
e (r ,03) ,E . (r ,03) dr -p - - m e  - 3.4
2where y is the permeability (assumed constant) and Ej = n1 is the 
dielectric constant of the fibre core material. In the approximation of 
weakly guiding fibres, the modes may be taken to be linearly polarised 
[18] and so only one component of polarisation is considered and a 
scalar notation may then be employed. The other (independent) 
polarisation component can be added in at a later stage to obtain the 
unpolarised source result.
Assuming a statistically stationary source, the cross-spectral 
density function, W, may be defined by [37]
( E. (r ,03) E . (r',03')> = W(r,r',03)6(03 - 03') ,inc - m e  - - - 3.5
where ( ) indicates an ensemble average and * the complex conjugate.
For each frequency component, the power in the p ^  mode is 
*given by ^a (03) a (03) [3,17]. Thus the total power P excited by theP P 
incident field is
2^ 2 < a (03) a (03) > d03 ,
p=i p p
3.6a
= %
Then, using (3.4) and (3.5)
2 A (03) do3, PP p=l
3.6b
A (03)pq y
£ l
y
•k k
e (r,03) ( E . (r ,03) E . (r',0))> e (r',03) drdr ' , 3.7ap - m e  - m e  - q - - -
z=0
e (r ,03) W (r, r ' ,03) e (r',03) drdr' ,p -  - -  q -
z=0
= —  B (03) ,y pq
3.7b
3.7c
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where B is just O'Neill's illumination matrix [38] with the bound modepq
fields as basis functions. The final general formula is then
*2
*2
(f 1 b 1
V J
fei'
i y
I B (03) d03
i PP P=1
trace (B) do)
3.8a
3.8b
Only the diagonal elements of B are required to calculate the 
total power. The off-diagonal elements of B relate to the correlations 
between the various mode field pairs.
The radiation field, E^, may be treated in a similar manner 
except that now B^(o)) is replaced by a term of the form D(q,03) and the 
power associated with the radiation field is then
D(q,03) dq du) . 3.9
fe jc i [
k y jPR = *
If the field has cross-spectral purity [39], the coherence 
functions are reducible, and then
W(r,r',u)) = W (r, r ') (o)) . 3.10
The total power then may be written, from (3.8), as
feilP2 y $ (a3) trace B do) ,
where now
r ■ rJjje (r ,03) W(r,r ') e (r',co) drdr ' .p -  - -  q -
3.11
3.12
z=0
A further simplification results from making the assumption 
that the field is quasimonochromatic. Then
Vtf (r,r',ü)) = W (r, r ' ,0)Q ) ij) (ü),O)0 ) ,QM - - _ _ u 3.13
where if; is a function highly peaked around the central frequency a)Q . 
Defining
$(u)0) = i|3(a3,O30) da) , 3.14
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t h e  t o t a l  p o w e r  now b e c o m e s
P
QM
if (w0 ) t r a c e  [B (w0 ) ] 3 . 1 5
w h e r e  B (co0 ) i s  g i v e n  b y  ( 3 . 7 )  w i t h  co = co0 . T h i s  r e s u l t  i s  s e p a r a t e l y  
d e r i v e d  i n  t h e  n e x t  s e c t i o n  s t a r t i n g  w i t h  t h e  a s s u m p t i o n  t h a t  t h e  f i e l d  
i s  q u a s i m o n o c h r o m a t i c .
I f  t h e  f i e l d  i s  t o t a l l y  c o h e r e n t ,
W ( r  , r  ' , 0 )) = F ( r  ,co) F ( r ' , o o )
s o  t h a t  B b e c o m e s
w h e r e
B (co) = b  (co) b  (co) ,
p q  p  q
b (co) = 
P
q ^ ( r , c o )
z=0
F ( r  ,oo) d r  .
3 . 1 6
3 . 1 7
3 . 1 8
A t o t a l l y  i n c o h e r e n t  f i e l d  may b e  m o d e l l e d  b y
W ( r , r ' , o o )  = 6 ( r  -  r  ' )  G ( r  ,co) . 3 . 1 9
The  v a l i d i t y  o f  t h e  d e l t a  f u n c t i o n  r e p r e s e n t a t i o n  i s  w e l l  d i s c u s s e d  i n  
[40] w h e r e  i t  i s  sh o w n  t o  h a v e  s e r i o u s  s h o r t c o m i n g s  w i t h  r e f e r e n c e  t o  
t h e  r a d i a t i o n  f r o m  t h e  f i e l d .  H o w e v e r ,  i t  i s  a  u s e f u l  a n d  common 
a p p r o x i m a t i o n  t o  t h e  c o h e r e n c e  f u n c t i o n ,  a n d  g i v e s  t h e  r e s u l t  h e r e  t h a t
B (co)
p q
e  ( r  ,co) G ( r  ,co) e  (r ,co)  d r  .J J  p  -  -  q  "
z=0
3 . 2 0
T h e n ,  f o r  a  u n i f o r m  s o u r c e ,  w i t h  c r o s s - s e c t i o n a l  a r e a  S i n  t h e  z = 0 
p l a n e ,  a s s u m i n g  s p a t i a l  s t a t i o n a r i t y , i . e .  G(r ,co)  = G (c o ) ,
B (co)
pq
G (co)
★
e  ( r , c o ) e  (r ,co)  d r  , 
JJ  p  -  q  -  
S
G (co) C (S)
p q
3 . 2 1 a
3 . 2 1 b
w h e r e  C (S) i s  a  f u n c t i o n  s t u d i e d  i n  d e t a i l  i n  [41 ]  f o r  t h e  c i r c u l a r
pq
c r o s s - s e c t i o n  s t e p  i n d e x  f i b r e .  T h i s  f u n c t i o n  r e p r e s e n t s  t h e  n o n -
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o r t h o g o n a l i t y  o f  t h e  bound  mode f i e l d s  o v e r  t h e  a r e a  o f  t h e  s o u r c e .
When t h e  modes  a r e  a l l  f a r  f r o m  c u t - o f f ,  o r  when S i s  v e r y  l a r g e  
co m p ar ed  t o  t h e  f i b r e  c r o s s - s e c t i o n ,  t h e  i n t e g r a l  may be  t a k e n  o v e r  
t h e  w h o le  z = 0 p l a n e .  The o r t h o n o r m a l i t y  o f  t h e  b ound  mode f i e l d s  t h e n  
g i v e s
B
pq
G(W) 3 . 2 2
T h i s  r e s u l t  i n d i c a t e s  t h a t  a l a r g e  u n i f o r m  (ho mogeneous  and 
i s o t r o p i c ) , i n c o h e r e n t  s o u r c e  e x c i t e s  a l l  bo u n d  modes  e q u a l l y  an d  w i t h  
z e r o  c o r r e l a t i o n .  T h i s  i s  t h e  common a s s u m p t i o n  o f  t o t a l l y  i n c o h e r e n t  
e x c i t a t i o n ,  an d  i t  s h o u l d  b e  n o t e d  h e r e  t h a t  ( 3 . 2 2 )  i s  d e r i v e d  u s i n g  t h e  
d e l t a  f u n c t i o n  r e p r e s e n t a t i o n  f o r  t h e  c o h e r e n c e  f u n c t i o n .
f a c e ,
When t h e  s o u r c e  j u s t  c o v e r s  t h e  f i b r e  c o r e  r e g i o n  on t h e  en d
B (w) 
PP
= G (Co)
fCll k
n  (03) 
p
3 . 2 3
w h e re  r| i s  t h e  w e l l - k n o w n  f u n c t i o n  r e p r e s e n t i n g  t h e  f r a c t i o n  o f  t h e  
P t h
g u i d e d  p ow er  o f  t h e  p mode t h a t  i s  c o n t a i n e d  w i t h i n  t h e  f i b r e  c o r e  
( s e e  e . g .  [ 3 ] ) .  T h i s  r e s u l t  ( 3 . 2 3 )  was d e r i v e d  i n  [15] f o r  a q u a s i m o n o -  
c h r o m a t i c ,  t o t a l l y  i n c o h e r e n t  s o u r c e ,  d e s c r i b e d  i n  t e r m s  o f  e n v e l o p e  
f u n c t i o n s  [33] an d  h a v i n g  a d e l t a  f u n c t i o n  c o h e r e n c e  f u n c t i o n .
I n  t h e  l i m i t  o f  V 4 “  ( m u l t im o d e  f i b r e s ) ,  a l l  b o u n d  modes  h a v e  
q -  1 ,  an d  t h e n  ( 3 . 2  3) an d  ( 3 . 8 )  g i v e
N ((D) G ((D) doj . 3 . 2 4
A ls o  i n  t h i s  l i m i t  [ 2 5 ] ,
N((D) -  K a)2 , 3 . 2 5
w h e re  K i s  a  c o n s t a n t .  I n  t h e  q u a s i m o n o c h r o m a t i c  l i m i t ,  G(U)) i s  o n l y  
n o n - z e r o  f o r  co0 -  A ^  (D ^  (jO q  + A ,  s o  t h a t
4.4 91
p - h Qj2 da) 3.26
3.27
This equation is only strictly true for to-*00, when N most closely 
approximates a continuous function. When z °°, this result (3.27), is 
the total power, but for smaller values of z, there is a contribution 
from the radiation field. This contribution may be discussed in terms 
of the leaky modes which provide an accurate approximation to the 
continuum discussed above [21]. In the analyses here this contribution 
is dealt with in terms of tunnelling rays.
4.4 THE EXCITATION OF AN OPTICAL FIBRE BY A
QUASIMONOCHROMATIC PARTIALLY COHERENT SOURCE
As before, the fibres studied have circular cross-sections,
core radius p, are semi-infinite and characterised by large V values and
small 0 . The fibre axis is taken to be the z-axis of a set of c
Cartesian coordinates.
the entrance face of the fibre (z=0  plane), symmetrically placed about 
the fibre axis and with normalised radius D = d/p (fig. 4.3). This 
source field is assumed to be quasimonochromatic, unpolarised, 
homogeneous and isotropic, statistically stationary and partially 
coherent.
The mutual intensity function of the field is defined by (cf. 
Chapter II),
Here r l and r2 are position vectors in the z = 0 plane and the field has 
been represented by the electric field vector E. In (4.1), ( )
indicates a time average and * the complex conjugate.
The source is assumed to be a circular field in the plane of
*
r 1 2 = < E(rj) .E (r2) > . 4.1
Following the analyses in [3,15,41], the time averaged real
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Fig. 4.3: Source (radius d) and fibre (radius p) geometry. In the
text, a is defined by (J)2 - (J)j and the normalised lengths are R = r/p, 
S = s/p, D = d/p.
power flow in the z direction, though some cross-section X is given in 
terms of the mode strengths, a , by
Px
N
h< R 2 
pq
*a aP q
3 ) zp C (X) )pq 4.2
where
and
C (X)pq
*e .e dr ,Jx -P -q -
fe '1*2llUj J x. E (r).e dr- - -p -
4.3
4.4
is the mode strength of the p^ *1 mode as derived in section 2 above, with
X the area of the excitation field in the z = 0 plane. The summation in D
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(4.2) is over all bound modes, p and q each represent both the azimuthal
and radial mode labels X and m, and include both polarisations and
symmetries of the mode fields. = nj is the dielectric constant of the
core material and y is the permeability. R indicates the real part.
Equation (4.3) represents the degree of orthogonality of the transverse
electric mode fields, e , over the area X. When this area is the whole~Px-y plane, (4.2) gives the total power in the bound modes, with the 
orthonormality of the mode field giving (cf. section 2(a), for the step 
index fibre)
Ptot h s < a 2 > . P P
4.5
The unpolarised excitation field may be represented by two 
independent components with perpendicular polarisations, i.e.
E (r) = x E (r) + y E (r) .- -  - x -  - y -
Substituting this into (4.4) gives
l
4.6
In the weakly guiding fibre (small 9 ) the mode fields are 
linearly polarised. The polarisation components of the source field 
then "select" the polarisations of these mode fields, and so (4.6)
contains only products like
< [e E(r.)] [e* E*(r.)] ) , i,j = 1,2 . 4.7p -l x,y q -j x,y
However, the mode fields are time invariant, and are functions 
of only real variables, so that they may be taken outside the time 
averaging process. The spatial stationarity of the source field, and 
the independence of the polarisation components gives
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(E (r j) E (r2)> = <E (rj)E (r2)> = hr, 2 , x - x - Y ~ - 1 ^
*  ~k
( E (r,)E (r~)> = (E (r,)E (r9)> = 0x -1 y y -1 x
4.8
so that the total power may be written as, using (4.6),
p
ft 1b 1 £tot l F  J D ' J ([e e ] + [e e ] ) F.0 dr,drp q x p q y 12 - 1 - 2 4 .9source
This result is equivalent to the quasimonochromatic result 
derived from the general result in the previous section (3.15) . Here, 
ri2 = r (0) is the mutual intensity function, appropriate for quasimono­
chromatic light.
This equivalence may be seen by setting (cf. Chapter II)
W(r,r,oi) du) . 4.10ri2<°>
The quasimonochromatic approximation used to derive (3.15) from the 
general result in (3.8) gives
ri2(0) W (r, r ' ,w )ifi (ui,Ca) ) du) , 4.11
W (r , r ' ,0) ) (^0),0Jn) da) , 4.12
W (r, r ' , ( jl) q  )ip (w0) . 4.13
Substitution into (3.7) and (3.8) then gives the required 
quasimonochromatic result in (4.9).
In the next chapter, this result is applied to the step index 
fibre, using an appropriate form for the coherence function and 
approximate fibre fields valid for the weakly guiding, semi-infinite 
fibre.
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CHAPTER V
THE PARTIALLY COHERENT EXCITATION OF AN
OPTICAL FIBRE: II. APPLICATIONS AND RESULTS
5.1 INTRODUCTION
The comments and definitions in Chapter IV apply throughout 
this chapter and are not repeated. Notation and geometry are carried 
over unchanged.
In section 2, the theory developed in the final section of 
Chapter IV for quasimonochromatic light is applied to the step index 
fibre, and some limiting forms are derived. In section 2(c) a simple, 
intuitive, geometric optics treatment for the step index fibre 
excitation is introduced, and in section 2(d), the results from this and 
the modal analysis are presented and compared [1].
In section 3(a) a more general geometric optics approach is 
presented. This is based upon the angular spectrum of plane waves 
representation of a partially coherent field. In the final section, 
results obtained with this technique for both step and graded index 
fibres are presented [2].
5.2 EXCITATION OF A STEP INDEX FIBRE 
(a) Mode Theory
In the last section of Chapter IV, the total power launched 
into the bound modes of a semi-infinite, weakly guiding, multimode fibre 
was given as (4.9)
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tot S < | a  | 2 > P P
f£
e .e r,0 dr,dr0 -p -q 1z -z 2.1
source
where it was assumed that the mode fields e are linearly polarised, r,-p
and r2 are position vectors in the plane of the entrance face of the 
fibre and T12 is the mutual intensity of source field. £j and y are 
respectively the dielectric constant and permeability in the core. The 
summation is taken over all bound modes, and p denotes both l and m, the 
azimuthal and radial mode labels, and polarisations and symmetries.
The mode fields appropriate for the step index fibres 
considered here are, from [3],
(Z + 1) (j) f f (R) , 2.2
where x and y are unit vectors, (j) is the azimuthal angle, and R = |r|/p 
is the normalised radial variable, with p the core radius, and
e  -  P 1+ x
s i n
( 1 +  Dd? + 9
c o s
“P • %  ] co s - s i r p
f (R) P
J7_, (U R) l+l p
J7T1(U ) l+l p
K7__ (W R) l+l p
k 71.(w )l + l p
R <  1
R > 1
2.3
In (2.3) J is the Bessel function of the first kind, K is a
Hankel function, and U and WP P
obtained from the eigenvalue equation [1]
normalised are the usual eigenvalues,
U J7 (U ) W K7 (W )P I P = , P t, p
J m ' V  "  ' | Kw i (wp )
2.4
U and W are related to the fibre parameter V (= kp n, sin 0 ) by P P c
U2 + W2 = V 2 2.5
In (2.2), vAjj is a normalisation constant, given by P
ip =  P 2 tt P
fEl]'2 V '2 K (Wp)KZ?2(V l
l Vi J u1 PJ | k !+i <v  j
2.6
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Throughout, the ambiguity of signs relates to the two classes
of modes; the upper sign corresponds to the HE^ modes, the lower sign
to the EH., modes. For very large V, the HE., and EH., „ modes are 
Im  ^ Im 1-2,m
degenerate. The sum over all bound modes, for these circumstances, can 
then be written as
2 E 2 2 [ ( L  = 0 ) + 2 I ] ,  2.9
p m L/0
where L = l - l . The factor of 2 outside the sum over m  is to account for 
the two states of polarisation of the mode fields.
Substituting these mode fields into (2.1) gives
(e.
27TD2TT
2ip fp (Rj) fp (R2) r12 cos l((^ 2 " ^ i) RidR1d(})1R2dR2d4)2
2.8
where the polar coordinates indicated in figure 4.2 have been used, with 
D = d/p.
The source field has been assumed to be circular, 
statistically stationary, homogeneous and isotropic. The mutual 
intensity function is therefore related to the complex degree of spatial 
coherence by
r12 - y12 i , 2.9
■kwhere I = (E(r^) .E (r ) ) is the intensity of the field at any point, r^. 
This intensity defined here is 2 x the physical (real) intensity (cf. 
Chapter II). For the field considered here, an appropriate form for the 
degree of spatial coherence is (see e.g. [4])
y(s) = |y12| 2J>(S/Rcoh'S/Rcoh 2.10
where S = s/p, with s = |s| = |rx - r 2 |, and R ^ is a measure of the
coherence of the field. An area of radius R , (also measured in unitscoh
of p) is effectively coherent as when S <  R^^ ,  y(S) > 0 . 8 8
(0 <  y (S) ^  1)• The phase factor of the more general complex degree of
coherence has been omitted here as in most practical cases it is
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essentially constant.
Using this degree of coherence in (2.8), and now denoting the 
real intensity by I, gives
( f (R, ) f (Ro)p i p 2
2J.(S/R .) 1 coh
S/Rcoh
x cos L ((J)2 - (})2 ) R1dR1d({)1R2dR2d(|)2 . 2.11
This integral would be greatly simplified if the coherence 
function were separable in the variables of integration. While this is 
possible using the Gegenbauer addition theorem for Bessel functions [5], 
the resulting expression for ( |a^|2 ) involves an infinite sum of terms 
containing the Gegenbauer polynomials.
This same difficulty was met in the diffraction problem in 
Chapter III, and the approximation introduced there is also employed 
here, i.e.
2J,(S/Rcoh>
S/Rcoh
n
2
i=l
a . Jl o (bjS) 1 ,2 , 2.11
The same comments on the coefficients of this approximation and the 
number of terms needed for adequate accuracy apply here as were made in 
Chapter III (section 3.4).
Each term of the series expansion in (2.12) may be rewritten 
using the Graf addition theorem [5] as
00
Jn (b.S) = 2 J (b.R.)J (b.R,) cos ka , 2.13° i  , k i ! k i 2k=-°°
where a = (j) - (j) (fig. 4.3). This is then substituted into (2.11) to
give
( a r>p
2TTIP N. p .
n
2 a
D D 27T
i=l o 6 0
f (R,)f (r 2) 2 J (b. Rj) J, (b. R2)D 1 D , K 1 K 1k=-°°
x cos ka cos La daR1dR1R2dR2 2.14
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Under the angular integral, only the k = L term from the 
infinite series is non-zero, so that finally,
la |2> - 4l,2lp'’ f C ]' 1 Aai'f1 J (U R) J (b.R) RdR L p L l' P 1 ^ u . j J (U )P io L p
+ fD
J1
K (W R)J (b.R)RdR L p L l
K (W )L p
2.15
The integrals in (2.15) have been solved analytically (see 
e.g. [6], with A replaced by b j  and the result has been used to obtain 
the numerical results presented below.
The total power launched into the bound modes is given by 
summing (2.15) over all bound modes as already indicated (e.g. (2.1) and
(4.5)). This was calculated from the general formula given in [7,8] for 
the time averaged real power flow through any cross-section X, i.e.
where
and
* i (3 - B ) z
P = R 2 a a e ^ ^ c (X) ) ,x p q pqpq
2.16
C (X)pq
fe )t i '2 e .e dr ,-p -q - 2.17
E(r).e dr .-- -p - 2.18
The summation in (2.16) is over all bound modes, and X^ in
(2.18) represents the area of the source field. C (X) in (2.17)pq
indicates the degree of orthogonality of the mode fields over the area X. 
When this area is the whole x-y plane, (2.16) gives the total power in 
the bound modes, with the orthnormality of the mode fields giving (see 
section 4.2(a))
Ptot kZ< I a I 2 > . P 2.19
The part of the bound mode power flowing within the fibre core
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i s  f o u n d  by i n t e g r a t i n g  o v e r  t h e  c o r e  c r o s s - s e c t i o n  i n  ( 2 . 1 7 ) ,  X , i . e .
i n
* i ( ß  - B ) z
l a  I 2 ) p + R 2  a a e ^  ^ C ( X ) ) ,  2 . 2 0 a
p P , P q p q  co
p  p ^ q
w h e re  p ^  i s  t h e  f r a c t i o n  o f  t h e  power  o f  p mode c o n t a i n e d  w i t h i n  t h e  
f i b r e  c o r e  ( s e e  e . g .  [ 3 , 6 ] ) .
The s e c o n d  t e r m  i n  ( 2 . 2 0 a )  r e p r e s e n t s  c o n t r i b u t i o n s  f r o m  t h e  
i n t e r f e r e n c e ,  o r  b e a t i n g ,  o f  t h e  mode f i e l d  p a i r s  a s  t h e y  p r o p a g a t e  a l o n g  
t h e  c o r e  a t  d i f f e r e n t  z - d i r e c t e d  v e l o c i t i e s .
I n  [ 8 ] ,  i t  i s  shown t h a t  c o n t r i b u t i o n s  t o  t h i s  t e r m  a r e  o n l y  
n o n - z e r o  f o r  p a i r s  o f  modes h a v i n g  t h e  same p o l a r i s a t i o n ,  symmetry  an d  
a z i m u t h a l  mode num ber ,  t . A l s o ,  f o r  p a i r s  o f  modes  s a t i s f y i n g  t h e s e  
c o n d i t i o n s ,  t h e  c o n t r i b u t i o n  i s  s m a l l  u n l e s s  one  o r  b o t h  o f  t h e  p a i r  i s  
n e a r  c u t - o f f .  Only  t h e n  i s  t h e r e  a  s i g n i f i c a n t  p a r t  o f  t h e  mode f i e l d  
o u t s i d e  t h e  a r e a  o f  i n t e g r a t i o n ,  d e s t r o y i n g  t h e  o r t h o g o n a l i t y  b e t w e e n  
t h e  modes  o v e r  t h a t  a r e a .  G e n e r a l l y ,  i n  an y  e x c i t a t i o n  s i t u a t i o n ,  t h e  
number  o f  mode p a i r s  g i v i n g  s i g n i f i c a n t  c o n t r i b u t i o n s  t o  t h i s  t e r m  i s  
s m a l l  c o m p a r e d  t o  t h e  t o t a l  number  o f  m odes .  H e n c e ,  f o r  m u l t i m o d e  
f i b r e s ,  w i t h  a  s m a l l  l o s s  i n  a c c u r a c y ,  b u t  a c o n s i d e r a b l e  g a i n  i n  
c o n v e n i e n c e ,  t h i s  t e r m  may be  n e g l e c t e d ,  an d  t h e n
i n  ^2 ( > n. 2 . 2 0 b
The f r a c t i o n  p may b e  o b t a i n e d  i n d e p e n d e n t l y  f r o m  t h e  f i b r e  p a r a m e t e r s
[ 6 ] ,  i . e .
2 . 2 1
fu ] 2
A
w K2 (W ) }
p J p , i + i  p  [
V 1 u K- (W ) K- (W ) |
k, l P) 1+2  p  l  p  J
(b) L i m i t i n g  Forms 
( i )  T o t a l l y  c o h e r e n t
The m u t u a l  i n t e n s i t y  f u n c t i o n  o f  a  t o t a l l y  c o h e r e n t  f i e l d  
c o l l a p s e s  t o  t h e  i n t e n s i t y  o f  t h e  f i e l d  ( a s  e x p l a i n e d  above  t h i s
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intensity is actually twice the real intensity). The expression for 
I I 2( a  ) in (2.8) then becomes 
P
D D 27T
2tt ip M ■ fm {J0 f (Ri )f (R,) COS La da R,dR,R0dR0 , 2.22p 1 p z l l z z
2 t n  4 (eA4TT Ip
0 ,
f r1 J (UR) RdR L P
JT (U )L p
rD K (W R) RdR1 L P
Kt (W )L p
, L = 0 , 2.23
L ^ O  .
The total power radiated by the source field in these 
2conditions is ttd I, so that the total, normalised, bound mode power is 
then
Ptot
Ps
^ 2 
P
4T Tp2
D2^
p
hl 1 1 Jn (U R)RdRP + rD K (W R) RdRl 0 P l
w  V J n (u ) o 0 p K n (w ) I1 0 P J
2.24
which corresponds exactly to the result obtained in [3] for a normally 
incident plane wave.
(ii) Totally incoherent
When the source field is highly incoherent, R approaches 
X/p and the coherence function falls off very quickly compared to the 
dimensions of the source. A simple approximate form for the power may 
be obtained from (2.8) in these circumstances. Firstly, the variables 
of integration are changed to give
2i[)
fe
l H
source
f (R.) f (R0) T. 0 cos La dS d3 R, dR, dap i p Z i /  I I 2.25
where S, 3 and a are defined in figure 4.3. In general, the limits on S 
and 3 are complicated, and they are not independent variables. However, 
when ri2 falls off very quickly with increasing S, only having a 
significant value around S =0, the limits may be approximated by 
0 ^  S ^  00 and 0 <  3 ^  2tt without affecting the result of the integral.
Secondly, if the source does not extend beyond the fibre core,
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i.e. D <  1, or if V is very large, so that U << V, and W >> 1 for theP P
majority of modes, then f (R) %  0 for R >  1 and the field outside the
P
core may be ignored.
Then, f (R) may be rewritten using the Graf addition theorem P
[5] and the angular integrations carried out, yielding
r°° j (u R, ) J0 (U S) J, (S/R , )L p 1 u p 1 coh< |a |2 > 1 P 1
l7T2p 4 (z j Ü L 1*1
k y . •o JT (U ) S/R , L p ' coh
SdS RjdRj , 2.26
The integration over R 1 leads to r) [6] , and the integration 
over S is a standard one, giving
4ttp2 In R2 , ,p coh R C O h
1
< U ' 
P
2.27a
27Tp2 !p R , f p coh Rcoh
1
" U ' P
2.27b
0 , Rcoh > J -UP
2.27c
Thus the total bound mode power launched by a highly
incoherent source is (U ^  V for the bound modes)P
P 2ttp2 I R2coh £P
2.28
In multimode fibres, 
2of such modes is given by V /2 
V 2/2, and then
n %  1P
[9] ,
for all bound modes, and the number 
hence £ g may be replaced by
P = TTp2 I (VR , )2 , V 1 >  R , , V »  1 . 2.29K coh coh
This power should be normalised using the total source power,
P . When R , is small, but kp R , is still large, s coh coh
P ~  TTp2 I . 2.30s
If R , is small such that kp R  , 1, then (see Chapter III)coh coh
Ps
4 o~  —  I TTp (kp Rcoh' 2.31
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The condition giving this result requires pR , < A, which hascoh
been pointed out in Chapter II to be non-physical. However, it does 
give the result that
_P_
P 4(kp)
3 fl2
4 6c 2.32
which is the result obtained in [7] using a delta function 
representation of the coherence function.
(c) A Geometric Optics Treatement 
for Step Index Fibres
An important approximate method, valid for large fibres, uses 
geometric optics to calculate the total power in the bound modes by 
examining the relationship between the radiation pattern of the source 
and the acceptance properties of the fibre.
In the previous chapter, the concept of an angle of coherence 
was discussed, this being the effective limit of the radiance 
distribution in the far field of a partially coherent source. This 
concept is only useful when the radius of coherence of the source field 
is small compared to the area of the source, and in the short wavelength 
limit. Geometric optics is also only valid in the short wavelength 
limit.
If the restriction to multimode fibres, V >> 1, is made, and 
only relatively incoherent fields are considered, then it becomes 
practical to compare the 0 ^  of the source field, defined by
sin 0coh
_______1 _
kjp Rcoh
2.33
with the critical angle of the fibre, 0 , defined byc
sin 0c
V
k xP ' 2.34
where it has been assumed that the source just covers the core region of 
the fibre.
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Very simply, if 0 > 0  all the power radiated by thec coh 1
source is trapped by the fibre and so
tot 1 , 0 > 0c coh 2.35
More completely, using standard geometric optics acceptance 
theory [10,11],
tot 0maX (1 + cos2 0) sin 0 d0 /
rQ
C°^ (1 + cos2 0) sin 0 d0 ,
2.36
1 - —  cos 0 - —  cos 0 /4 max 4 max 1 - —  cos 0 - —  cos3 04 coh 4 coh
where
0 = 0 , , 0 . <  0 ,max coh coh c
0 > 0 .coh c
2.37
The practical multimode fibre has 0 small, so that in termsc
of Rcoh '
tot 1 RCOh > 1V '
2 2
V Rcoh ' Rcoh <
1_
V and 6COh small , 2.38
1  e 24 c Rcoh < 1V and 9 COh 7TSS —  .2
(d) Results
(i) Range of source field coherence
The range of R , used in the calculations here was based upon coh
the possible range expected in actual situations. The smallest value of
R , possible is of the order of A/p, corresponding to the most coh
incoherent field [4]. A reasonable value of p for a multimode fibre is
~  20 u, and Ä «  1 u, hence the smallest value of R . used was 0.05. Itcoh
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is more difficult to arrive at a likely maximum value of R , , however,coh
it can be readily appreciated that once R , exceeds the source radiuscoh
the field appears to be essentially coherent. A monomode laser is
likely to achieve this. For most calculations, the source radius was
set equal to the fibre core radius, or to twice the core radius. The
maximum value of R . used was therefore 10. Some sample calculationscoh
with Rco  ^much larger gave results very similar to those for R =10,
and very similar to those obtained with the plane wave analysis
(R , 00) in [ 3] .coh
(ii) Total power
The total power P  ^in the bound modes, normalised by the
total source power radiated into the fibre, P , is shown in figure 5.1s
as a function of the parameter R , , measured in units of the fibrecoh
radius p (2.4.22). It can be seen that in general, the power accepted
increases as the source becomes more coherent. The variation is less
when R , increases much beyond 1/V. coh
An increase in V improves the power acceptance ratio 
particularly for highly incoherent sources. This behaviour has been 
discussed in detail for the two extreme cases of total coherence [12,14] 
and total incoherence [7].
The continuous curves in figure 5.1 represent the result from
the modal analysis (2.1 and 2.15), normalised by the total power
obtained from the diffraction theory of Chapter III (section 3.4), and
are labelled by the parameter V. The dashed curves represent the
geometric optics result (3.6) for the same values of V. It is clear
that the geometric optics result is a good approximation for the large V,
multimode, fibre, and that the criterion of 0 . < 0 is adequate tocoh c
describe the efficiency of the excitation of bound modes.
(iii) Modal power distribution
The behaviour of power propagating along an optical fibre
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Rcoh
F i g .  5 . 1 :  T o t a l  power  i n  t h e  b o u n d  m o d es ,  P ,  n o r m a l i s e d  by t h e  s o u r c e
o u t p u t  Ps , a s  a  f u n c t i o n  o f  t h e  r a d i u s  o f  c o h e r e n c e  o f  t h e  s o u r c e ,  
Rco h ' f ° r  V = 7 ,  10 and 15 .  D = l ,  0C = 0 . 1 .  C o n t i n u o u s  c u r v e s  a r e  
t h e  m o d a l  r e s u l t  ( 2 . 1 5 ) ,  d a s h e d  c u r v e s  a r e  t h e  l a r g e  V ( g e o m e t r i e s  
o p t i c s )  a p p r o x i m a t i o n  ( 2 . 3 8 ) .
d e p e n d s  upon i t s  d i s t r i b u t i o n  o v e r  t h e  b o u n d  m o d es .  An ex a m p le  i s  t h e  
d e p e n d e n c e  o f  p u l s e  d i s t o r t i o n  upon  t h e  r a n g e  o f  m oda l  g r o u p  v e l o c i t i e s .  
The r e s u l t s  o f  t h e  mode t h e o r y  show a d e p e n d e n c e  o f  t h e  modal  power  
d i s t r i b u t i o n  upon  t h e  s o u r c e  d e g r e e  o f  c o h e r e n c e  ( 2 . 1 5 ,  2 . 2 3  and 2 . 2 7 )  . 
T h i s  i s  e x a m i n e d  h e r e .
A b o u n d  mode p  h a s  e i g e n v a l u e  <  V, an d  i n  f i g u r e  5 . 2 ,  t h e
p o w e r  P^ i n  t h e  mode p ,  r e l a t i v e  t o  t h e  p ow er  Pj  ! i n  t h e  l o w e s t  o r d e r
mode ( t h e  H E ^  m o d e ) ,  i s  p l o t t e d  a s  a  f u n c t i o n  o f  f o r  v a r i o u s  v a l u e s
o f  R , . I n  t h e  c a l c u l a t i o n s  f o r  t h i s  f i g u r e ,  V = 2 0  an d  0 = 0 . 1 .  I t  i scoh c
a p p a r e n t  t h a t  t h e  m oda l  r e s u l t  shows t h a t  some modes  h a v e  n e a r l y  t h e  
same p o w e r ,  w h i l e  t h e  o t h e r s ,  w i t h  h i g h e r  U v a l u e s ,  h a v e  v e r y  l i t t l e  
p o w e r .
A s i m p l e  i n t e r p r e t a t i o n  o f  t h i s  r e s u l t  can  b e  g i v e n  u s i n g  t h e
5.2 110
Fig. 5.2: Bound mode power, Pp , normalised by the power of the HEj1
mode Pllf as a function of the eigenvalue Up, for various degrees of 
coherence. (D=l, V=20, 0 = 0.1.) On each curve, the point where 
l/Rcoh = Up is marked by a horizontal bar.
large V, geometric optics, approximation. The mode p can be associated 
with a family of rays, all making the same angle, 0^, to the fibre axis, 
with
U 0
0 = .p V 2.39
If 0 >0 , , then it is not to be expected that any of thep coh
source power is coupled into the p 
for large V that
mode, suggesting an approximation
l l
~  1
ss 0
U <  - P R
1
U > P
coh
1
c^oh
2.40
This reflects the result obtained in the highly incoherent approximation
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(2.27), which also requires V large.
In fiqure 5.2, the point on each curve where R , = 1/U iscoh p
marked; this indicates that the result in (2.40) is a usable working 
rule.
The curves in figure 5.2 have been obtained by drawing smooth
curves through the points representing individual modes. For V = 20, and
R , >0.1 there were insufficient modes excited to give a clear picture coh
of the overall behaviour. This is an indication that for these larger 
values of R , the assumptions inherent in the large V, geometric 
optics approach have broken down, and that it is necessary to then use 
the exact modal analysis.
In both figures 5.1 and 5.2, the source was taken to just 
cover the core region of the fibre end face (D=l) . In figure 5.3, the 
effects of varying V and D are shown, for a specific value of R ^
( = 0.1); again 0 =0.1. Increasing D causes more modes to be excited, 
but this effect is reduced for increasing V. This trend may be easily 
analysed in the extreme cases of total coherence and total incoherence. 
The coherent case is fully dealt with in [12,13] where it is shown that 
for small V, when a significant fraction of the total numbers of mode 
are near cut-off, an increase in D leads to more modes being launched, 
with a drop in overall launching efficiency. In the large V case, only 
a small number of modes are near cut-off, so that D> 1 does not 
significantly increase the number of modes launched. The incoherent 
case can be analysed using the delta function representation of the 
coherence function (e.g. [7]). This gives
where r| (D) has been used to represent the fraction of power of the mode 
p which propagates within a cross-section of radius D. In terms of the 
integrals in (2.17)
< aP 2) = constant x H (D) ,P 2.41
2.42
I’ll Cn (XD>
Using the mode fields given above (2.2 and 2.3) to evaluate
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Fig. 5.3: Bound mode power P , normalised by the power of the HEj j mode
P1 j , as a function of the eigenvalue Up, for V = 10 and 20 and D=1 
and 2. (Rcoh=0.1, 0c =O.l.)
this enables the following to be deduced for highly incoherent sources;
(a) V fixed; P /P. . -* 1 as D °°, for any V,p 11
(b) D fixed; P /P. . 1 as V °°, so that V >> U (for D > 1) .P 11 P
When the source just covers the end face of the core, i.e. 
D = 1, P^/Pjj = ri /011 and this case is fully explored in [7],
In order to bring out the overall behaviour of the modal power
distribution as a function of R . , V and D contours have been drawn incoh
figure 5.4. These contours are of the number of modes, for a given
R , , V and D, that have P /P,, >  1%, expressed as a percentage of the coh p 11
total number of bound modes for that given V. The contours have been 
plotted for D=1 and 2. It can be seen that, in general, the power is 
distributed over all bound modes for small values of R ^ (highly 
incoherent sources) and is rapidly concentrated into a small number of
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50 20
.05 .1 .25 .5 1.0 2.5 5.0
^coh
Fig. 5.4: Contours of the percentage of modes with >  1% of the power of
the HEj1 mode, for the range of V's and Rco^ 's. 0 =0.1. Solid
curves are for source just covering fibre entrance (D=l), broken 
curves for source radius twice fibre radius (D = 2) .
modes, actually the HE, modes, as R , increases.1 m coh
The effect of increasing D is seen to confirm the above 
results (after 4.44)7 a greater proportion of modes, for a given V and 
Rcoh' carry t*ie Power f°r the larger D value.
The development of the concentration of the power into the
HE, modes as the source becomes more coherent is illustrated in figure 1 m
5.5. In this figure D=1 and 2, V = 4 and 0 =0.1. A small V was usedc
to limit the possible mode families to 1 = 1 and 2 for clarity. For a
symmetrically placed, coherent source (R 4 °°) all the power is carriedcoh
in the HE, modes (see e.g. [3]). As V increases, HE7 , EH7 _ modes 1m  ^ urn 1-2, m
with increasingly large Z can propagate, but the behaviour remains the
same as indicated in figure 5.5, where once R , >1, essentially all thecoh
power is carried by the H E ^  group. The peak in the power carried by
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Fig. 5.5: The power in the groups of modes having 1 = 1 and 2, P ,
normalised by the source output Ps, as a function of the radius of 
coherence of the source, Rcoj-1, for D=1 and 2. (0c = O.l, V = 4.)
the 1 =  2 group represents a matching of the source field coherence area
and mode field at around R , «0.3. These resonance effects can becoh
seen for all mode groups.
5.3 GEOMETRIC OPTICS TREATMENT OF OPTICAL FIBRE 
EXCITATION BY PARTIALLY COHERENT SOURCES
(a) Theory
In this section the ideas about describing the partial 
coherence of a field by its directional properties, and about the 
acceptance properties of an optical fibre discussed in terms of ray
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directions, are brought together to provide a description of the 
excitation of the fibre by a partially coherent source. This geometric 
optics approach offers an alternative to the mode analysis discussed 
above, but these two alternatives are not independent, a link being 
commonly made between electromagnetic field theory and geometric optics 
via Fourier theory [14]. The application of Fourier analysis [15] or 
asymptotic methods [16] to the modes produces the directional properties 
associated with rays (and see e.g. [17,18]).
The relation between the spatial coherence of a field and its 
directional properties has been fully discussed in Chapters II and III. 
Here the representation of the partially coherent source field by an 
angular spectrum of plane waves is used. This follows exactly the 
representation of the field in the diffraction analysis of section 3.5. 
The same notations and definitions are used here, so no further 
explanations are given, except for emphasis.
The source field is considered to be quasimonochromatic, 
unpolarised, statistically stationary, homogeneous and isotropic. It is 
represented by an ensemble of plane waves, with wave vector (figure 2.5)
k = k(sin 0 cos ([), sin 0 sin (j), cos 0) 3.1
with
2iTn
3.2
where X is the freespace wavelength and n^ is the refractive index 
The plane waves have strengths b (0 , (j)) , thus the field is
E (r)
2 tt (Tt/ 2
b(0,(j)) e^-‘- sin 0 d0 d(j) 3.3
o o
The ensemble is chosen such that (cf. sections 2.4 and 3.5) ,
< b (0,([))b* (0 ' ,<]) *) > = B(0,cJ))6(0-0,)ö (([)-([)') /sin 0 ' , 3.4
where ( > indicates an ensemble average and * the complex conjugate, and
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B(0,(J>) = Bn cos 0 , e <  e
0 > e
coh
coh
3.5
where 0 , = k/R (2.4.21).coh coh
This representation gives a source field with a degree of
coherence
where (figure 4.2)
Y(S) 2 J l ^ c o h 'S/R 3.6coh
E2 ~ Ei 3.7
The power of the plane wave in direction (0,(f)) is Q (0,<J)).
It is assumed that this plane wave just covers the entrance face of the 
fibre core, and that Q^ j(0,({>) is the power coupled into modes or rays of 
type j within the fibre. The acceptance function A is defined by
Qf•(0»<J>)
V 0,lt) = Q .  (67*1inc 3.8
As the plane waves are independent, the total power launched 
by the whole spectrum is obtained by integrating over the powers 
launched by individual members of the spectrum. Each plane wave in the 
spectrum above (3.4, 3.5) has power incident on the fibre face given by
Q (0 , (j)) = constant . B (0,4>) cos 9 , 3.9
where the standard Poynting vector theorem has been applied [19,20].
Thus, if P. is the total power in the fibre mode or ray type j, and P D s
is the total source power incident on the fibre,
P .
Ps
A_. (0,(J))B(9,(j)) cos 0 sin 0 d0 d(j)
B(0,(j)) cos 0 sin 0 d0 d(J)
J J
f27Tf6coh 2A. (0,40 cos2 0 sin 0 d0 d(J)
Jo Jo____ J___________________•2tt f0
C° cos2 0 sin 0 d0 d(f)Jo Jo
3.10
3.11
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using the form of the angular spectrum above.
Assuming the fibre to be axially symmetric, so that A_. is
independent of <j), gives
• = — ------7-75--- 7' ( A . (0) cos2 0 s m  0 d0P (1 - cos3 0 , ) j ls coh 0
3.12
This equation is the basis of the approach presented here. It 
may be used to calculate any type of power launched into any kind of 
fibre by specifying the details of A^ (0) . The term A_.(0) cos2 0 sin 0 is 
the angular distribution of power, with respect to 0 , for the rays of 
type j.
The actual form of A_.(0) is most readily specified in terms of 
the angle 0^ inside the fibre (fig. 5.6). These two angles are linked 
by Snell's law:
n. sin 0 = n (0) sin0 _1 GO f n sin 0 _ o f 3.13
The fibre critical angle is defined by
cos 0 cl 3.14
A new variable a may be defined by
n . sin 0 1________
n_ sin 0 O c
3.15
so that 0 <  0 < 0  corresponds to 0 <  a <  1. In terms of a, the basicf c
equation (3.12) becomes
(1 - cos3 0 , )coh
n sin 0 0 c coh A (a)U -
an, sin 0 o c
2^
ada , 3.16
where
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cladding
\ \ \ \ \
► z
Fig. 5.6: A plane wave incident from medium of refractive index n^ on a
fibre entrance face (at z = 0) at angle 9 to the fibre (and z) axis.
The fibre has a circular cross-section, radius p, with cladding and
core refractive indices n^and where r is the radial
variable (the azimuthal angle (p is not shown) , n =n^o (0) . By
Snell's law, n. sin 0 = n sin0^.l o f
coh
n . sin 0 l____ coh
n sin 0 o c
3.17a
n . sin 0 
i_____coh
NA 3.17b
NA is numerical aperture.
In order to calculate A_.(0,(f>) for a particular mode or ray
type, it is necessary to find This function has been obtained 
for the bound modes of the step index fibre by Snyder [3] and used in 
[12,13] for the analysis of the excitation of the step index fibre by a 
truncated plane wave. It is used in section 6 below where the bound 
modes of the step index fibre are considered.
While Q^ j(ö,(})) for the leaky modes of a step index fibre may 
be found (see e.g. [21]) , it is more convenient to examine the 
excitation of the leaky rays, for which (0,4)) is well known (e.g.
[11]). The same situation applies to both bound and tunnelling power on 
the graded index fibre. It is far simpler to find f°r the
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a p p r o p r i a t e  r a y s  r a t h e r  t h a n  f o r  t h e  mode t y p e s .
The f u n c t i o n  f o r  r a y s  o f  an y  c l a s s ,  f o r  e i t h e r  f i b r e
t y p e ,  may b e  f o u n d  by e x a m i n i n g  t h e  f a t e  o f  a  g e n e r a l  r a y  i n c i d e n t  a t  
some p o i n t  on  t h e  f i b r e  c o r e  f a c e  ( r , ^ ) , a t  some a n g l e  0^ ( f i g .  5 . 7 ) .
As t h e  f i b r e s  a r e  a l l  a x i a l l y  s y m m e t r i c ,  o n l y  o n e  q u a d r a n t  n e e d  b e  
c o n s i d e r e d ,  and t h e  a x e s  may a l w a y s  b e  c h o s e n  s u c h  t h a t  t h e  p r o j e c t i o n  
o f  t h e  r a y  i s  p a r a l l e l  t o  t h e  y - a x i s . In  g e n e r a l  t h e n ,  t h e  t o t a l  power  
l a u n c h e d  i n t o  t h e  f i b r e  b y  a l l  r a y s  i n c i d e n t  a t  a  p a r t i c u l a r  a n g l e  i s  
g i v e n  by
P f  . -  4 d(f) r d r  ,
3 . 1 8
d(J> RdR ,
w h e r e  R = r / p ,  and t h e  l i m i t s  on t h e  i n t e g r a l s  a r e  s e t  by  t h e  p a r t i c u l a r  
a c c e p t a n c e  p r o p e r t i e s  o f  t h e  f i b r e  f o r  t h e  c l a s s  o f  r a y s  c o n s i d e r e d .
The i n c i d e n t  p o w er  i s  f o u n d  by  i n t e g m t i n g  o v e r  t h e  w h o le  c o r e
f a c e ,  i . e .
P. = 4 p ‘ m e
rTT/2
def) RdR = TTp , 3 . 1 9
t h e n
P f j  _ 4
P  . TT
m e
dej) RdR 3 . 2 0
(b) A p p l i c a t i o n s  and R e s u l t s  
( i )  S t e p  i n d e x  f i b r e s
I n  t h e  s t e p  i n d e x  f i b r e ,  n ( r )  ( f i g .  5 . 6 )  i s  c o n s t a n t ,  i . e .oo
n ( r )  = n , 0 ^  r  ^  p , 3 . 2 1co o
and t h e  f i b r e  i s  c h a r a c t e r i s e d  b y  i t s  c r i t i c a l  a n g l e  0^ an d  t h e
d i m e n s i o n l e s s  p a r a m e t e r  V = kp n s i n  0 .o c
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y
ray
projection
Fig. 5.7: A general ray incident on the fibre end face at (r,(j)).
The acceptance function for the bound mode power, A^(a) is 
given in [12] for a plane wave that just covers the fibre core region 
(D=l), and a large range of V. The Fresnel transmission coefficient 
in [12], T, is set = 1 here. Using the data presented in table 1 of [12], 
and summarised in figure 5.8 here, the general equation (5.16) was used 
to obtain the results presented in figure 5.9 for fibres with V = 7, 10 
and 20, with n_^ = 1 and (NA)2 =0.02. Also shown is the V = 00 limiting 
case, which may be seen to not differ greatly from the V =20 case.
The bound ray acceptance function is also given in [12] and 
has the simple form
AbrW  = 1 ' a  <  1
= 0 , a > 1
3.22
Since
Abmia) * as V  -> oo
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RAY OPTICAL RESULT
- 1 5 _
0 02 0-4 06 08 10 1-2
O C
Fig. 5.8: The acceptance function Aym (a) for the bound modes of a step
index fibre as a function of a (taken from [12]).
the V = 00 curve in figure 5.9 is also the result for P^7,/P
When a ^  1/ all the source power is accepted into the bound
rays, and when a , >1, those source components with 1 < a < a , launch coh coh
no extra power into the bound rays. Hence, the curve of P^7,/P is a 
constant, = 1, for a , <  1, and steadily decreases for a , >1 as more 
and more of the source power fails to launch bound rays. Beyond a 
certain stage, corresponding to a =1, the more incoherent a source 
is, the less efficient it becomes at launching bound ray power. Figure 
5.9 is an exact counterpart of figure 5.1, obtained using the modal 
analysis and simple geometric optics approach for the step index fibre, 
with the V = 00 curve corresponding to the geometric optics (ray) result.
The tunnelling ray acceptance function is given in [11,15] as
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V = 7,10,20
0 0.5 1.0 1.5 2.0
c^coh
Fig. 5.9: The power launched into the bound modes, Pj^m , of a step index
fibre, with various values of V, by a source with total power Pc and2  ^coherence parameter a , ; (NA) =0.02.coh
Atr(a) a < 1 ,
a > i ,
3.23
and is shown in figure 5.10. Using this function in (3.16) gave the 
results presented in figure 5.11, for the same parameters as in figure 
5.9. Obviously, from (3.23), P^/P^ i-s zero for aco^ ^  1*
Even in the ideal fibre (no material loss) the tunnelling ray 
power attenuates as a result of the radiation loss due to the partial 
reflections of the rays at the core-cladding interface (see e.g. [16]) 
as they propagate along the fibre. The power remaining at a distance z
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0 = 0
GEOMETRIC OPTICS
Fig. 5.10: The acceptance function for the tunnelling rays on a step
index fibre, A^r (a) , as a function of a, and for several distances 
along the fibre (taken from [11]).
can be calculated by substituting the appropriate A^(a,z) in (3.16). 
Some of the curves of A^(a,z) , for V = 50 and various values of z, from 
[11] are also shown in figure 5.10. The data from these curves have 
been used to plot P, /P for two simple distances along the fibre, also
Ts i* S
3 7shown in figure 5.11. The two distances, z/p = 10 and 10 , correspond 
to about 0.5 m and 500 m for a typical fibre with V=50.
5.3 124
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Cxi
Fig. 5.11: The power launched in the tunnelling rays, P ^ , of a step
index fibre, by a source with total power P- and coherence parameter 
acoh • Fibre has (NA) =0.02 and radius p. The curves show at
various distances down the fibre when tunnelling (radiation) losses 
are taken into account.
(ii) Graded Index Fibres
The real value of the theory presented in section 2 is its 
applicability to the graded index fibres. The most common graded index 
profiles may be written in the form
n (r)co sin2 6c 3.24
Of particular interest is the q = 2, parabolic profile, which is close to 
the optimum on the basis of minimum pulse distortion [22].
\
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The acceptance function for the bound rays, A^(cx) , of the 
graded fibres is found by applying the technigue outlined at the end of 
section 5 (see also [23,24,25]).
For a bound ray, incident at (r,cj)) and angle 9
n. sin0. <  n (r) sin 0 (r) ,1 1  co c 3.25a
(n. sin 0 .) 2 <  n2 (r) - n2 7 = n sin0 (l-R^) ,l l co ci o c 3.25b
where sin 0 is sin 0 (0) and R = r/p. c c
Then, using the characteristic angle
n . sin 0 . j
1 . <  (1 - Rq)n sin t) o c
3.26
Rewriting this in terms of R as a function of a gives
R (bound rays) <  (l-a2)^ ^max 3.27
The total power is thus given by
Pbr(a) = 4p'
tt/2 f(l-a2)1/q
d([)
o o
RdR , a <  1 , 3.28
and then
A^r (a) = (1-a z )2/q a < 1 . 3.29
This result was used in (3.16) to obtain the curves in figure
5.12, which show Pi /P as a function of a , and for q=l, 2 and 4. bv s coh
The step index result is also shown for comparison.
It may be seen that as q increases, the curves approach that 
of the step index fibre (q = °°) , and that the step index fibre is a more 
efficient collector of source power for anything but an on-axis plane 
wave. This is to be expected from the radial decrease in fibre 
acceptance angle in any graded index fibre.
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F i g .  5 . 1 2 :  The pow er l a u n c h e d  i n t o  t h e  b o u n d  r a y s ,  P , o f  a  g r a d e d
i n d e x  f i b r e  b y  a  s o u r c e  w i t h  t o t a l  p o w er  Ps an d  c o h e r e n c e  p a r a m e t e r  
a c o h* C u rv e s  a r e  shown f o r  f i b r e s  w i t h  v a r i o u s  v a l u e s  o f  t h e  q 
p a r a m e t e r  i n  ( 3 . 2 4 ) .  A ls o  shown i s  t h e  r e s u l t  f o r  t h e  s t e p  i n d e x  
f i b r e :  (NA)i 2 = 0 . 0 2 .
The tu n n e llin g  ray acceptance fu n c tio n  f o r  t h e  g r a d e d  i n d e x  
f i b r e  i s  f o u n d  i n  a s i m i l a r  way t o  t h a t  f o r  t h e  b o u n d  r a y s .  H ow ever,  
e x c e p t  f o r  q = 2 ,  i t  i s  n o t  a  s i m p le  f u n c t i o n  ( s e e  e . g .  [ 2 3 ] ) .  A t t e n t i o n  
i s  l i m i t e d  h e r e  t o  q = 2 ,  w hen , f o r  t h e  t u n n e l l i n g  r a y s
n ( r )  s i n  0 ( r )  ^  n .  s i n  0 . <
c o  c  1  1
n ( r )  s i n  0 ( r )  
c o  c
2 2 ± % f(1 -  R c o s  ([>) 2
3 .3 0
i  .e
n s i n  0 (1 -  R2 )
n s i n 0 2 ( l - R 2 ) <  (n.  s i n 0 . ) 2 <  — ----------—-------------  ;o c 1 1  - . „ 2  2 ,1 -  R c o s
3 .3 1
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in terms of a
1 - R 2 <  a < 1 - R
1 - R2 cos2 $
3.32
For a given (b, R can vary over R . (a) <  R(a) <  R (a) , wherem m  max
and
R . (a) = (1 - a )m m
R (a) max
2 1 h(1 - a 2) 12
(1 - a 2 cos2 4))
a >  1 ,
a > 1 ,
a <  1 ,
> 1
3.33
3.34
The total power integral then gives
rTT/2 rR (a)
Pt r (Ot) = 4p‘ d(j) max RdR , a <  1 ,
R . (a)m m
3.35a
2p'
tt/2
[R (a) - R . (a) ] d4> rmax m m 3.35b
rTT/2
2p‘ 1 - a  , 2 , ,,- 1 - a V dcj) ,
o 11 - a 2 cos2 a
3.35c
Thus
2p2(1 - a 2) j 1 - 1
2 A - a 2
A, (a) = (1 - a2) •!— ----- U  -
tr /l - a2 •
It is also true that [23]
a <  1 ,
a > 1 .
3.35d
3.36
and
tr
tr
( c l ) =  0 , a >  1 and q <  2 , 3.37a
(a) = 0 , »»/I and q > 2 . 3.37b
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Also, in [23] data are presented that enable A^ (a) to be 
calculated for q^2. Using these calculated acceptance functions for 
q = l  and 4, and the above results in (3.16) gave the curves of P^/P 
against a ^ presented in figure 5.13.
Comparison with figures 5.9, 5.11 and 5.12 shows that a source
with a , < 1 always excites both bound and tunnelling rays on the coh
graded index fibre, but only bound rays on the step index fibre, and 
for greater q the less is the proportion of tunnelling rays, i.e. the 
behaviour of the graded index fibre approaches that of the step index 
fibre as q -^ 00. The overall power acceptance (bound plus tunnelling) is. 
always less for the graded index fibre than for the step index fibre, 
all things being equal. This is especially true for the more incoherent 
sources, which are often associated with the graded index fibres. A 
saving grace of the graded fibre is that it may have 0^ twice that of 
the step index fibre and still have comparable pulse dispersion.
An interesting adjunct to the results presented in this 
chapter is the effect of source coherence on pulse distortion as 
indicated by ray theory. Only bound rays are considered, as it is 
assumed that the fibre is ideal (no material loss and no mode 
conversion [26]) and semi-infinite (no tunnelling power remaining).
In a step index fibre, the impulse response pulse width T 
after a length along the fibre, z, is
T
zn_o_
c (sec 0m 1 ) , 3.38
for a collection of rays with 0 <  0 <  0 , where 0^ is the angle insidef m f
the fibre and c is the velocity of light in vacuo. For bound rays 
excited by a partially coherent source, as described above
sin 0 = a , sin 0 ,m coh c a < 1 ,coh
3.39
sin 0 a , > 1 .coh
Since 0 is small, it is possible to expand sec 0 and so c m
obtain
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F i g .  5 . 1 3 :  The power  l a u n c h e d  i n t o  t h e  t u n n e l l i n g  r a y s ,  , o f  a
g r a d e d  i n d e x  f i b r e  b y  a s o u r c e  w i t h  t o t a l  p ow er  Pg an d  c o h e r e n c e  
p a r a m e t e r  a c o h . C u r v e s  a r e  shown f o r  f i b r e s  w i t h  v a r i o u s  v a l u e s  o f  
t h e  q  p a r a m e t e r  i n  ( 3 . 2 4 ) .  (NA)2 = 0 . 0 2 .
T = (zn  02/2c ) a 2o c coh a  <  1 coh
= (z n  0 2/ 2 c ) o c co h > 1 .
3 . 4 0
T h u s ,  f o r  01 ^  ^  1 /  t h e  p u l s e  w i d t h  i s  b a s i c a l l y  s o u r c e
c o n t r o l l e d ,  i . e .  i s  a  c o n s e q u e n c e  o f  Cl F o r  cl > 1 ,  t h e  w i d t h  i s
co h  coh
l i m i t e d  b y  t h e  f i b r e  p a r a m e t e r s .  Any i m p e r f e c t i o n s  i n  t h e  f i b r e  c a u s e  
s c a t t e r i n g  an d  r e d i s t r i b u t i o n  o f  p o w er  o v e r  t h e  v a r i o u s  r a y  t y p e s .  T h i s  
i m p o s e s  a f i b r e  r e l a t e d  c o n t r o l  o n t o  t h e  p u l s e  w i d t h  even  when t h e  
s o u r c e  w o u ld  d o m i n a t e  i n  t h e  p e r f e c t  f i b r e .  I n  e x i s t i n g  f i b r e s ,  t h i s  i s  
i n v a r i a b l e  t h e  c a s e ;  e v e n  a low l o s s  f i g u r e  may i n d i c a t e  a  c o n s i d e r a b l e  
d e g r e e  o f  p ow er  r e d i s t r i b u t i o n .  Even i f  o n l y  h a l f  t h e  p o w er  l a u n c h e d  i s  
l o s t ,  by r a d i a t i o n ,  t h e  o t h e r  h a l f  w i l l  c e r t a i n l y  h a v e  b e e n  s c a t t e r e d  
o u t  o f  i t s  o r i g i n a l  d i r e c t i o n s .
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F i g .  5 . 1 4 :  The im p u ls e  r e s p o n s e  w i d t h  T a s  a f u n c t i o n  o f  t h e  c o h e r e n c e
p a r a m e t e r  a co^ o f  t h e  s o u r c e  f o r  a  s t e p  i n d e x  f i b r e  ( s o l i d  c u r v e )  . 
The d a s h e d  c u r v e  i s  a  s c h e m a t i c  c u r v e  t o  show t h e  e f f e c t  o f  f i b r e  
i m p e r f e c t i o n s  ( s e e  t e x t ) .
T h e s e  i d e a s  a r e  summed up s c h e m a t i c a l l y  i n  f i g u r e  5 .1 4  w h ich
shows t h e  p u l s e  w i d t h  T a s  a f u n c t i o n  o f  a  , ( n o r m a l i s e d  by  T f o rcoh
a  = 1) .coh
I n  t h e  g r a d e d  i n d e x  f i b r e  t h e  t r a n s i t  t i m e  a l o n g  a r a y  p a t h
d e p e n d s  on t h e  r a y  i n v a r i a n t  ß = n ^ ( r )  c o s  ( r )  [ 2 4 ] ,  an d  f o r  bound
r a y s  n <  ß <  n . F o r  a s o u r c e  w i t h  an y  v a l u e  o f  a  , , r a y s  w i t h  a l l  ß cL o coh
v a l u e s  i n  t h e  bo u n d  r a y  r a n g e  a r e  e x c i t e d ,  s o  t h a t  t h e  p u l s e  w i d t h  i s
a lw a y s  t o t a l l y  f i b r e  c o n t r o l l e d ,  an d  s o  i n d e p e n d e n t  o f  & . . The a c t u a lcoh
p u l s e  s h a p e  w i l l  s t i l l  d e p e n d  u p o n  t h e  d i s t r i b u t i o n  o f  p o w er  o v e r  t h e  
r a y s  l a u n c h e d  by  t h e  s o u r c e ,  a s  a  f u n c t i o n  o f  ß [24] and  t h i s  w i l l  
t h e r e f o r e  r e m a in  d e p e n d e n t  on  a coh
T h r o u g h o u t  t h e  a n a l y s i s  a b o v e ,  t h e  s o u r c e  h a s  b e e n  assu m ed  
q u a s i m o n o c h r o m a t i c . H ow ever ,  i t  i s  p o s s i b l e  t h a t  t h e  f o r m a l i s m  c o u l d  b e  
a p p l i e d  t o  one  s p e c t r a l  c o m p o n e n t  an d  s o  a  p o l y c h r o m a t i c  r e p r e s e n t a t i o n
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of the source could be used. The necessary steps are indicated in 
section 2.5, where the angular spectrum source representation is 
described using spectral components.
The important idea lies in the characteristation of a
partially coherent source by its directional properties, indicated by
0 , . The exact form of the source direction function B (0 ,cb) iscoh
relatively less important, particularly since in optical fibres the
angle 0 is invariable small (0 <  0 % 0.2 rad) , so that cos 0 ~ 1. Itc
is possible to set B (0, cf)) = constant, and still obtain similar results. 
This approach has been used by Sammut [25] who considered the source as 
a truncated Lambertian source.
In the next chapter, the techniques and results of this 
chapter are used to examine some particular examples of excitation 
situations, based upon physical sources.
132
REFERENCES
1. D.J. Carpenter and C. Pask, "Optical fibre excitation by partially
coherent sources", Opt. and Quant. Electron. 8_, 545 (1976) .
2. D.J. Carpenter and C. Pask, "Geometric optics approach to optical
fibre excitation by partially coherent sources", Opt. and
Quant. Electron, (in press).
3. A.W. Snyder, "Excitation and scattering of modes of a dielectric or
optical fiber", IEEE Trans. ACT. 17, 1138 (1969).
4. M.J. Beran and G.B. Parrent, "Theory of Partial Coherence",
Prentice-Hall, Inc., Englewood Cliffs, N.J. (1964).
5. M. Abramowitz and I.A. stegun, "Handbook of Mathematical Functions",
Dover Publications, Inc., New York (1965).
6. A.W. Snyder, "Asymptotic expressions for eigenfunctions and eigen­
values of a dielectric or optical waveguide", IEEE Trans. MTT. 
17, 1130 (1969).
7. A.W. Snyder and C. Pask, "Incoherent illumination of an optical
fiber, J. Opt. Soc. Amer. 63^ 806 (1973) .
8. C. Pask and A.W. Snyder, "Power of modes propagating inside a
dielectric rod", J. Opt. Soc. Amer. 64, 393 (1974).
9. C. Pask, A.W. Snyder and D.J. Mitchell, "Number of modes on optical
waveguides", J. Opt. Soc. Amer. 65, 356 (1975).
10. R.J. Potter, "Transmission properties of optical fibers", J. Opt.
Soc. Amer. SI, 1079 (1961) .
11. C. Pask and A.W. Snyder, "Illumination of multimode optical fibres
— leaky ray analysis", Opto-Electron. 6_, 297 (1974).
12. A.W. Snyder, C. Pask and D.J. Mitchell, "Light acceptance property
of an optical fiber", J- Opt. Soc. Amer. 63_, 59 (1973).
13. C. Pask and A.W. Snyder, "Light acceptance property of an optical
fiber", Appl. Opt. 13, 1889 (1974).
14. J.W. Goodman, "Introduction to Fourier Optics", McGraw-Hill, New
York (1968).
15. N.S. Kapany and J.J. Burke, "Optical Waveguides", Academic Press,
New (1974) (Chapter 4).
133
16. A.VI. Snyder and D.J. Mitchell, "Leaky rays on circular optical
fibers", J- Opt. Soc. Amer. 64, 599 (1974).
17. N.S. Kapany, "Fiber Optics, Principles and Applications", Academic
Press, New York (1967).
18. A.W. Snyder, "Leaky-ray theory of optical waveguides of circular
cross sections", Appt. Phys. A_, 273 (1974) .
19. S.G. Lipson and H. Lipson, "Optical Physics", Cambridge University
Press, Cambridge (1969).
20. M. Born and E. Wolf, "Principles of Optics", 4th ed., Pergamon
Press, Oxford (1970).
21. R.A. Sammut and A.W. Snyder, "Leaky modes on a dielectric
waveguide: orthogonality and excitation", Appt. Opt. 15_, 1040
(1976).
22. D. Gloge and E.A.J. Marcatili, "Multimode theory of graded-core
fibers", B.S.T.J. 52, 1563 (1973).
23. K. Barrell and C. Pask, "Collimiated beam excitation of a graded
index fibre" (in prep.) .
24. A. Ankiewicz and C. Pask, "Geometric optics approach to light
acceptance and propagation in graded index fibres", Opt. and 
Quant. Electron. 9_, 89 (1977).
25. R. Sammut, "Pulse dispersion in partially-excited graded index
fibres", Opt. and Quant. Electron. 9_, 61 (1977).
26. D. Marcuse, "Theory of Dielectric Optical Waveguides", Academic
Press, New York (1974) .
134
CHAPTER VI
EXAMPLES OF EXCITATION
6.1 PRACTICAL SOURCES FOR
OPTICAL FIBRE EXCITATION
In an excellent review, Miller, Li and Marcatili [1] have 
given an account of the requirements placed upon a source by an optical 
fibre communications system. Their conclusions were that the light 
emitting diodes (LED's) and the semi-conductor diode lasers are the most 
suitable practical sources, for rather different reasons.
The LED meets the requirements of simplicity, reliability and 
compatibility with the fibre, and has the advantage of direct and linear 
modulation of the light by the drive current. Unfortunately, it has 
rather isotropic radiation, which leads to a low coupling efficiency, 
and a wide spectral band-width, limiting the overall system signal band­
width .
The semi-conductor diode laser is "well-suited to optical- 
fiber transmission; some of the desirable attributes are that it is 
physically small, inherently rugged, highly efficient, and can be pumped 
and modulated simply and directly by means of the injected current" [1]. 
This is even more true now with the continued development that has led 
to reliable CW monomode operation at room temperatures. There is little 
difficulty in coupling the light from these devices into multimode 
fibres, but efficient monomode coupling, essential for very high 
information capacity, remains a problem.
The details of the excitation of an optical fibre by these two 
devices are investigated in this chapter, using the techniques developed 
in earlier chapters. As a lens is often suggested as a means of
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increasing coupling efficiency, the basic excitation through a lens is 
also considered.
6.2 LED EXCITATION OF AN OPTICAL FIBRE
While a detailed description of the LED would be out of place 
here, a statement of its general properties relevant to optical fibre 
excitation is appropriate. A very comprehensive review of the LED is 
given in [2].
The light is generated by the radiative recombination of 
minority carrier/hole pairs in the junction region of a forward biased 
diode. Selection of the materials used gives control over the energy 
gap such that the central wavelength of the light may be matched to one 
of the minima in the spectral absorption curve of the fibre core 
material. Typically, the central wavelength is near 1 y, and the half­
height bandwidth is about 0.35 y.
There are two general forms of LED. Both are small and have 
radiating areas comparable in size to the cross-sectional area of a 
multimode optical fibre core. The edge emitting diode was the first 
type produced and still maintains an advantage in terms of radiant power 
[3]. Recent developments include the adoption of a narrow active region 
adjacent to a slab waveguide. A double heterostructure serves to confine 
the radiation to the waveguide, thus markedly increasing the directivity 
of the light (fig. 6.1) [3,4]. The radiating area of these LED's is a
rectangle with a height to width ratio of typically 1:10.
The Burrus type LED [5] was designed specifically for optical 
fibre applications. The material on one side of the junction is etched 
away to almost expose the junction, leaving a circular "window" through 
which the light emerges. The area of the radiating region is defined by 
the contact area below the junction and can be made to closely match 
that of the fibre core cross-section. As shown in figure 6.2, the diode 
can be mounted directly onto the end of the fibre using an index 
matching cement with the end of the fibre in near contact with the 
radiating surface.
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F i g .  6 . 1 :  H ig h - r a d ia n c e  e d g e - e m i t t i n g  LED s t r u c t u r e ,  show ing r e f r a c t i v e
in d e x  p r o f i l e  (n) and i n t e g r a l  w a v e g u id e  (from [ 4 ] ) .
The LED, o f  e i t h e r  t y p e ,  i s  i n v a r i a b l y  c o n s id e r e d  as a t o t a l l y  
i n c o h e r e n t  s o u r c e ,  t h e r e f o r e  e x c i t i n g  a l l  modes e q u a l l y ,  and t h e r e  have  
b een  many s t u d i e s  o f  LED e x c i t a t i o n  b a s e d  upon t h i s  a ssu m p tio n  ( s e e  e . g .  
[ 6 , 7 ] ) .  H en ce ,  i t  i s  w orth  ex a m in in g  t h e  d e t a i l s  o f  t h i s  e x c i t a t i o n  
w ith  r e f e r e n c e  t o  th e  r e s u l t s  o f  C hapter  V.
The c o h e r e n c e  p r o p e r t i e s  o f  t h e  LED a r e  n o t  e a s i l y  found in
t h e  l i t e r a t u r e ,  e x t e n s i v e  as  i t  i s .  However, t h e  tem p o ra l  c o h e r e n c e  may
be ju d ged  by t h e  s p e c t r a l  c h a r a c t e r i s t i c s  o f  t h e  r a d i a t i o n .  T h is  h a s
b een  u se d  t o  exam ine th e  e f f e c t  on p u l s e  p r o p a g a t io n  in  o p t i c a l  f i b r e s
o f  th e  te m p o ra l  c o h e r e n c e  o f  th e  s o u r c e  [ 6 ] .  The s p a t i a l  c o h e r e n c e
a c r o s s  th e  r a d i a t i n g  s u r f a c e  o f  t h e  LED i s  h a r d e r  t o  e s t a b l i s h .  I t  h a s
b een  shown t h a t  th e  r a d ia n c e  p a t t e r n  o f  t h e  B urrus ty p e  LED i s
e s s e n t i a l l y  i s o t r o p i c ,  i . e .  L am bert ian  ( s e e  e . g .  [ 8 ] ) .  The l i n k  b etw een
t h e  s p a t i a l  c o h e r e n c e  o f  a s o u r c e  and i t s  f a r - f i e l d  r a d ia n c e  p a t t e r n
d i s c u s s e d  i n  th e  e a r l i e r  c h a p t e r s  o f  t h i s  t h e s i s  s u g g e s t s  t h a t  th e  LED
i s  t h e r e f o r e  h i g h l y  s p a t i a l l y  i n c o h e r e n t .  The r a d i a t i o n  from th e  h i g h -
r a d i a n c e ,  e d g e - e m i t t i n g  LED i s  s h a r p ly  p eak ed  i n  th e  forw ard  d i r e c t i o n
i n  th e  p la n e  p e r p e n d ic u l a r  t o  th e  j u n c t i o n  [ 3 , 4 ] .  However, th e
r a d i a t i o n  p a t t e r n  i s  s t i l l  v e r y  b ro a d  compared t o  th e  a c c e p ta n c e  a n g le
o f  th e  f i b r e ,  0 . H en ce ,  u s in g  t h e  d e f i n i t i o n s  o f  C hapter V, th e  
c
c o n d i t i o n  o f  0 , >> 0 a p p l i e s  and , g iv e n  t h e  a s s u m p t io n s  o f  t h a t
coh c
a n a l y s i s ,  t h e  LED s h o u ld  e x c i t e  e q u a l l y  a l l  bound modes o f  t h e  f i b r e ,  
and many o f  t h e  l e a k y  m odes.
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F i g .  6 . 2 :  C r o s s - s e c t i o n  o f  t h e  s m a l l - a r e a  h i g h - r a d i a n c e  d o u b l e - h e t e r o ­
s t r u c t u r e  Burrus t y p e  LED c o u p le d  t o  an o p t i c a l  f i b r e  (from [ 5 ] ) .
The w avegu id e  b u i l t  i n t o  th e  h ig h - r a d i a n c e  e d g e - e m i t t i n g  d io d e  
o b v i o u s l y  i n c r e a s e s  t h e  s p a t i a l  c o h e r e n c e  o f  t h e  l i g h t .  S h o u ld  th e  
d i r e c t i v i t i e s  be im proved  su ch  t h a t  0 ° f  t h e  o u t p u t  beam, i n  any
s e c t i o n ,  becom es com parable  t o  0^ o f  t h e  f i b r e ,  th en  th e  e q u a l  
e x c i t a t i o n  a s su m p t io n  may no lo n g e r  be v a l i d .  The d e t a i l e d  c a l c u l a t i o n  
o f  t h e  modal power d i s t r i b u t i o n  o f  C h ap ter  V c o u ld  th e n  be  a p p l i e d  to  
t e s t  th e  a c c u r a c y  o f  t h e  t o t a l l y  i n c o h e r e n t  a p p r o x im a t io n ,  g i v e n  an 
e s t i m a t e  o f  th e  r a d iu s  o f  c o h e r e n c e  on th e  r a d i a t i n g  s u r f a c e .  T hese  
comments a l s o  a p p ly  t o  e x c i t a t i o n  by t h e  s u p e r lu m in e s c e n t  d io d e  (SLD) in  
w hich a s i n g l e  p a s s  a m p l i f i e d  s p o n ta n e o u s  e m is s i o n  o c c u r s .  The a d d i t i o n  
o f  t h e  s t i m u l a t e d  e m is s io n  t o  t h e  l i g h t  o u tp u t  g i v e s  a n arrow er s p e c t r a l  
range and a g r e a t e r  beam d i r e c t i v i t y  th a n  th e  LED ( s e e  e . g .  [ 1 ] ) .
The Burrus ty p e  LED i s  r i g h t f u l l y  c o n s i d e r e d  h i g h l y  
i n c o h e r e n t ,  b u t  i t  h a s  b een  shown t h a t  th e  i n t e n s i t y  o f  th e  r a d i a t i n g  
s u r f a c e  f a l l s  o f f  toward th e  e d g e  [ 9 ] .  The e q u a l  e x c i t a t i o n  r e s u l t  o f  
C h ap ter  V was o b t a in e d  assu m in g  a u n ifo rm  i n t e n s i t y  so u r c e  and a r a d i a l  
f a l l - o f f  i n  s o u r c e  i n t e n s i t y  i s  l i k e l y  t o  fa v o u r  th e  n ear  m e r id io n a l  
r a y s  (or  low a z im u th a l  number m o d e s ) . Hence th e  e f f e c t  o f  such  a f a l l -  
o f f  i s  i n v e s t i g a t e d  h e r e ,  u s in g  a m o d i f i e d  form o f  t h e  t o t a l l y
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i n c o h e r e n t  r e s u l t  f r om s e c t i o n  5 . 2 ( b ) .
The r a d i a l  i n t e n s i t y  d i s t r i b u t i o n  i s  m o d e l l e d  h e r e  by  a 
G a u s s i a n  f u n c t i o n ,  i . e .
I  ( r )
- ( R / a ) 2
I e o 2 . 1
w h e r e  I i s  t h e  o n - a x i s  i n t e n s i t y ,  R = r / P  i s  t h e  n o r m a l i s e d  r a d i a l  
v a r i a b l e  on t h e  en d  o f  t h e  f i b r e  and a  i s  t h e  b a s i c  f a l l - o f f  l e n g t h .
The a s s u m p t i o n s  a r e  a l s o  made t h a t  t h e  s o u r c e  (LED r a d i a t i n g  a r e a )  j u s t  
c o v e r s  t h e  en d  f a c e  o f  t h e  f i b r e  c o r e .  The d e g r e e  o f  c o h e r e n c e  r e m a i n s  
s p a t i a l l y  i n v a r i a n t  a c r o s s  t h e  s o u r c e .
The t h r e e  l e n g t h s ,  p,  R ^ a n d  ot can a l l  a f f e c t  t h e  a n g u l a r
d i s t r i b u t i o n  o f  t h e  s o u r c e  r a d i a t i o n .  As t h e  LED i s  h i g h l y  i n c o h e r e n t ,
i t  can  b e  s a f e l y  a s su m ed  t h a t  R , << p ,  a n d  t h a t  0 , >> 0 .
coh coh c
The h i g h l y  i n c o h e r e n t  a p p r o x i m a t e  fo rm  f o r  t h e  m oda l  pow er  
d i s t r i b u t i o n  o f  a  s t e p  i n d e x  f i b r e ,  e x c i t e d  by a q u a s i m o n o c h r o m a t i c  
s o u r c e ,  may be  u s e d  h e r e ,  w i t h  t h e  G a u s s i a n  i n t e n s i t y  d i s t r i b u t i o n  
s i m p l y  b u i l t  i n ,  i . e .  ( f ro m  5 . 2 )
P
P
7T2 p llR I fl 
coh  o
o o
j ;  (U R) 
L P
JL<V
J „ ( U p S ) J j
(  \s
R , v co i r
- ( R / a ) 2 e SdS RdR . 2 . 2
The i n t e g r a l  o v e r  S a g a i n  g i v e s  a  s t e p  f u n c t i o n ,  s o  t h a t
7Tp4R
p ~ coh o
r 1 J  (U R) 
L p
J T (U ) L p
e *R//°^ RdR , R , < —coh U
R > — c o h  U
2 . 3
The r e l a t i v e  d i s t r i b u t i o n  o f  pow er  o v e r  t h e  modes  i s  o f  
c o n c e r n  h e r e ,  s o  ( 2 . 3 )  i s  n o r m a l i s e d  b y  t h e  p o w e r  o f  t h e  HE mode,  i . e .
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The quantities involved in this equation are defined in Chapter V.
(U >  U,,, so that (2.4) only requires the condition that R , <U to p 11 coh p
exist.)
In figure 6.3, some curves are given that indicate how the 
Gaussian fall-off in intensity affects the modal distribution, given by 
(2.4). The fall-off is indicated by the value of the intensity at the 
edge of the source, as a percentage of the on-axis intensity.
The curves show the variation of the sums of powers of modes
having the same azimuthal mode number Z, normalised by those sums for a
uniform intensity distribution, as a function of the edge intensity. In
the calculations for the figure, a fibre with V =20 was considered, but
only those modes with Z ^  11 were included (for V = 20, Z =17).max
As expected from the ray considerations, the low Z number 
modes are preferentially excited by the more sharply peaked sources, and 
so even a highly incoherent source need not always provide equal 
excitation. When the edge intensity is 10% of the on-axis intensity the 
power in the Z = 11 modes has dropped by 40%, while the power in the Z = 1 
modes has increased by 40%, compared to the uniform intensity situation.
To bring out the way in which this change takes place, 
particularly for the high Z-value modes, the m =  1 modes for each Z are 
considered separately in figure 6.4. Here the power , normalised by 
P117 is plotted as a function of for the edge intensities 100%, 50%
and 10%. (Smooth curves have been drawn through the individual points 
corresponding to the modes: again V =20.)
In [10], the effect of such a Gaussian intensity distribution 
of the source in the graded index fibre is considered. Again there is a 
bias toward the near meridional rays as the intensity distribution 
becomes more sharply peaked. In the graded index fibre, however, this 
leads to more efficient excitation and there is then an improved ratio 
of bound to tunnelling rays. This improvement in the coupling 
efficiency does not apply to step index fibre as the bound ray 
acceptance function (cf. Chapter V) is independent of position on the 
core face. There is still an improvement in the ratio of bound to 
tunnelling or leaky power, as may be seen from (2.4) if the leaky modes 
are included.
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F R A C T I O N A L  EDGE INTENSITY (%)
Fig. 6.3: The powers in groups of modes with the same I value as a
function of the Gaussian intensity fall-off across the radius of an 
LED. The powers are normalised by the powers of the same groups for 
a uniform intensity distribution, and the fall-off is indicated by 
the fractional intensity at the edge of the LED. (V=20.)
6.3 SEMI-CONDUCTOR DIODE LASER EXCITATION
The logical progression from LED to SLD leads on to the diode 
laser. In this device, basically similar to the edge emitting LED, the 
end faces are both made highly reflective by cleaving the crystal (only 
one face is made so in the SLD), creating a resonant optical cavity.
The drive current is increased above the linear response region of the 
LED until the injected density of carriers is such that the 
recombinations promote stimulated emission.
Unfortunately, the gain profile of the diode laser is rather
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F i g .  6 . 4 :  The p o w e rs  i n  t h e  m = 1 b o u n d  m o d es ,  P ^ ,  a s  a f u n c t i o n  o f  t h e
e i g e n v a l u e s ,  U f o r  a f i b r e  w i t h  V = 2 0 ,  e x c i t e d  by  a  LED, a ssu m ed  
t o t a l l y  i n c o h e r e n t ,  w i t h  G a u s s i a n  i n t e n s i t y  f a l l - o f f s  s u c h  t h a t  t h e  
ed g e  i n t e n s i t i e s  a r e  100%, 50% an d  10% o f  t h e  o n - a x i s  i n t e n s i t y .
w ide  (~  20 nm) a n d  t h e  d i m e n s i o n s  o f  t h e  c a v i t y  a s  d e s c r i b e d  a b o v e  a r e  
s u c h  a s  t o  s u p p o r t  many l o n g i t u d i n a l  modes s e p a r a t e d  by  l e s s  t h a n  1 nm. 
H en ce ,  t h e  o n s e t  o f  l a s i n g  may o c c u r  i n  s e v e r a l  modes s i m u l t a n e o u s l y ,  
an d  t h e  i n t e r a c t i o n  o f  t h e  o p t i c a l  f i e l d  w i t h  t h e  e l e c t r i c  f i e l d  l e a d s  
t o  p o o r  s t a b i l i t y  o f  t h e  modes j u s t  ab o v e  t h r e s h o l d .  A l s o ,  t h e  s m a l l  
i n h o m o g e n e i t i e s  i n  t h e  c a v i t y  l e a d  t o  f i l a m e n t a r y  l a s i n g ,  w h e re  a n a r ro w  
r e g i o n  c o n n e c t i n g  t h e  end  f a c e s  h a s  a l o w e r  l a s i n g  t h r e s h o l d  t h a n  t h e  
s u r r o u n d i n g  r e g i o n .  T h e s e  f i l a m e n t s  a r e  u n s t a b l e ,  and  a p p e a r  a s  
t r a n s i t o r y  p a t c h e s  o f  l i g h t  on t h e  e n d  f a c e  o f  t h e  l a s e r .  I n c r e a s i n g  
t h e  d r i v e  c u r r e n t  c o n s i d e r a b l y  b e y o n d  t h r e s h o l d  g i v e s  s t a b l e  b u t  m u l t i -  
mode o p e r a t i o n ,  w i t h  t h e  m u l t i p l i c i t y  o f  modes p r o d u c i n g  a  w id e  o u t p u t
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beam with poor coherence properties. Not surprisingly, Gooch [11] 
dismissed the basic gallium arsenide laser as a source of coherent light 
in his book in 1969.
Since then, there have been a sequence of improvements, 
leading to the present situation where reliable monomode CW operation is 
possible at room temperature, coupled with a useful lifetime [12,13].
The literature on these devices is very extensive and this is not the 
place to attempt a review of the recent advances in this intriguing 
subject. The review by Panish [14] contains details of the improvements 
made up to 1974, showing considerable progress in the five years 
following publication of Gooch's book.
The spatial coherence of the laser radiation is a consequence 
of the number of modes present and the homogeneity of the lasing action 
(see e.g. [15]). The lateral confinement of the active region by some 
kind of stripe geometry (fig. 6.5) has successfully reduced the number 
of modes within the gain profile that can be supported by the cavity, 
and has also made the active region much the same size as the filaments 
usually observed [13]. The resulting nearly monomode, stable lasing 
action has the high degree of spatial coherence expected from lasers, 
with a radius of coherence ~ 3 mm [15].
The greatest possible bandwidth of an optical fibre system is 
achieved by operating monomode, thus avoiding modal dispersion effects. 
The existence of monomode diode lasers makes such a system a possibility 
as a highly coherent beam is known to excite certain modes 
preferentially (e.g. [16,17]). In the analyses where single mode (or
mode type) excitation was predicted, the source was either a truncated 
plane wave [16] or a Gaussian beam [17] . The radiating area of even the 
narrowest stripe geometry diode laser is still approximately a rectangle 
with an aspect ratio 5:1, and may be as large as 50:1 [13].
The high degree of coherence of the stripe geometry diode 
laser may lead to the belief that nearly monomode operation of an other­
wise multimode fibre may be achieved relatively simply by placing a 
laser in near contact with the centre of the core face. However, the 
departure from circular symmetry inherent in the analyses of [16] and 
[17] makes this belief mistaken.
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F i g .  6 . 5 :  M e s a - s t r i p e  g e o m e t r y  d i o d e  l a s e r ,  sh o w in g  a c t i v e  r e g i o n
l a t e r a l  c o n f i n e m e n t  ( f ro m  [ 1 ] ) .
r a d i a t i n g  f a c e  o f  t h e  l a s e r  a f f e c t s  t h e  e x c i t a t i o n  o f  a m u l t i m o d e  f i b r e ,
a  s t r i p e  g e o m e t r y  l a s e r  i s  c o n s i d e r e d  h e r e .  I t  i s  a s su m ed  t o  b e  i n
c o n t a c t  w i t h  t h e  e n d  f a c e  o f  a  V = 20 s t e p  i n d e x  f i b r e  and a c c u r a t e l y
a l i g n e d  w i t h  t h e  f i b r e  a x i s .  I n  t h e  a n a l y s i s  o f  C h a p t e r  V, t h i s  becomes
a r e c t a n g u l a r  t o t a l l y  c o h e r e n t  s o u r c e  (R , >> p ) . The d i m e n s i o n s  o fcoh
t h i s  s o u r c e  a r e  t a k e n  f rom [13] ( f i g .  6 . 6 )  .
s o u r c e  h a s  sym metry  a b o u t  t h e  x - a x i s ,  p r e c l u d i n g  t h e  l a u n c h i n g  o f  
s i n ( Z - l ) ( j )  mode t y p e s ,  an d  symmetry  a b o u t  t h e  y - a x i s ,  l e a d i n g  t o  t h e  
l a u n c h i n g  o f  o n l y  t h o s e  c o s  (t  -  1)(J) modes  w i t h  {Z - 1 )  e v e n .  With  t h e s e  
r e s t r i c t i o n s ,  a n d  a s s u m i n g  u n i f o r m  i n t e n s i t y  a c r o s s  t h e  r a d i a t i n g  
s u r f a c e ,  t h e  t o t a l l y  c o h e r e n t  a p p r o x i m a t i o n  f rom  s e c t i o n  5 . 2 ( b )  c a n  b e  
u s e d  t o  c a l c u l a t e  t h e  r e l a t i v e  power  d i s t r i b u t i o n  o v e r  t h e  bo u n d  modes  
o f  t h e  s t e p  i n d e x  f i b r e ,  i . e .
I n  o r d e r  t o  i n v e s t i g a t e  t h e  way i n  w h ic h  t h e  g e o m e t r y  o f  t h e
A c i r c u l a r l y  s y m m e t r i c ,  t o t a l l y  c o h e r e n t  s o u r c e  e x c i t e s  o n l y  
t h e  c i r c u l a r l y  s y m m e t r i c  m o d es ,  i . e .  t h e  HE m° d e s .  The r e c t a n g u l a r
P
P
'l 2
3 .1P 11 J? (U )
t 3 2
J
so u rc e
J  (U, , R) RdR deb n 1 iO
The v a r i o u s  q u a n t i t i e s  i n  ( 3 . 1 )  a r e  a s  d e f i n e d  i n  C h a p t e r  V.
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Geometry of stripe laser excitation.6 .6:
Converting to Cartesian co-ordinates in the source plane and 
using the Graf addition theorem for Bessel functions [18] gives
PP
P 11
h i V ^ n )  .
•B
J 7 (U X) dX 
i' P Jo P
fA >j
o lP p J
2
^ J 7 (U ) rp L pp
;B
J (U X) dXJ o  1 1  j0
fA 1J o (U11Y )d Y
0
2
3.2
where A and B are the normalised dimensions of the source and it has 
been assumed that A << 1, so that only the zero order term from the 
infinite series of the addition theorem lias a significant contribution.
The curves shown in figure 6.7 were obtained using source 
dimensions of A = 0.02 p, B = 0.125 p and A = 0.04 p, B = 0.5 p. (These 
dimensions were taken from [13].) It is quite clear that the near mono-
10 12 16 18 20
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F i g .  6 . 7 :  The p o w e r s  i n  t h e  b o u n d  m odes ,  P a s  a  f u n c t i o n  o f  t h e  mode
e i g e n v a l u e s ,  U f o r  a f i b r e  w i t h  V = 2 0 ,  e x c i t e d  by  a s t r i p e  
g e o m e t r y  l a s e r ,  a s s u m e d  t o t a l l y  c o h e r e n t ,  w i t h  t h e  d i m e n s i o n s  a s  
shown i n  f i g u r e  6 . 6 .  The c o n t i n u o u s  c u r v e s  a r e  f o r  A = 0 . 0 2  p ,
B = 0 . 1 2 5  p,  t h e  d a s h e d  c u r v e  i s  f o r  A = 0 . 0 4  p,  B = 0 . 5  p.  Only  
c u r v e s  f o r  modes  w i t h  1 =  1 a n d  3 a r e  show n.
mode e x c i t a t i o n s  p r e d i c t e d  i n  [16] do n o t  o c c u r ,  and t h a t  o t h e r  mode 
t y p e s  t h a n  t h e  H E ^  a r e  b e i n g  l a u n c h e d .  ( V = 20 i n  t h e  c a l c u l a t i o n s . )
Any s u c c e s s f u l  a t t e m p t  t o  m a t c h  t h e  g e o m e t r y  o f  t h e  l a s e r  t o  
t h a t  o f  t h e  c o r e ,  e . g .  u s i n g  c y l i n d r i c a l  l e n s e s ,  a s  i n  [ 1 9 ] ,  w i l l  
p r o d u c e  an  e x c i t a t i o n  more s i m i l a r  t o  t h e  p l a n e  wave o r  G a u s s i a n  beam 
e x c i t a t i o n s .  Ho we ve r ,  e v e n  i f  t h e  l a s e r  i s  o p e r a t i n g  monomode an d  i s  
a c c u r a t e l y  a l i g n e d  w i t h  t h e  a x i s  o f  t h e  f i b r e ,  t h e r e  i s  no g u a r a n t e e
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that only one mode of the fibre will be preferentially launched, unless 
the field on the end of the fibre is made accurately circularly 
symmetric.
A lateral misalignment of the laser would destroy the 
remaining source symmetry, leading to further changes in the modal power 
distribution. When V is large, the total bound mode power is almost 
independent of the position of the source on the core face, as long as 
it remains completely inside the core region. Generally speaking, 
displacing the source from the fibre centre causes more modes with 
higher 1 values to be preferentially excited. These variations are very 
similar to those observed for excitation by a finite beam [20].
6.4 LENS EXCITATION
In many instances, a lens is suggested as a means of 
increasing the coupling efficiency in an incoherent excitation situation. 
A typical example of this is given by [4], where the directivity of a LED 
is increased by bonding a lens directly to the radiating surface. The 
use of a cylindrical lens is often proposed in order to render the 
output of a diode laser more compatible with an optical fibre [19].
Here, the general situation is considered in order to examine 
the effect of such a lens on the coherence properties of the light 
reaching the fibre face. This has an important bearing on the modal 
power distribution according to Chapters IV and V. The case considered 
is of a well corrected lens system separated from and imaging an 
extended largely incoherent source onto the end of an optical fibre; 
this is shown in figure 6.8.
In the next chapter, the propagation of the degree of 
coherence through a lens is considered in detail. The results obtained 
there are used here without further explanation.
The lens system introduces an aperture that determines which 
components of the source radiation field form the image, which is the 
effective source for the optical fibre. Using the relationship between 
the angular distribution of radiance and source spatial coherence as
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Fig. 6.8: Imaging a source with coherence angle 0" , to produce an
effective source at the fibre entrance. The n's are refractive 
indices. Note that 0^ ^ becomes 9coh in the fibre where 
sin 6coh = (n^/nj) sin 0 ^ ^  by Snell's law. The figure shows the 
case where 0^oh < 0£' and the effective source at the fibre entrance
has e4coh = eioh■
discussed in Chapters II and III, the effective source coherence angle,
0' , , is determined by the original source coherence angle, 0" . , andecoh coh
the lens angular aperture, 0^, according to
0ecoh “ 6coh ' 0" u coh < Q i  '
■ ez ' 6" n coh > e i  ■
where the primes refer to image space and double primes to object space 
quantities as shown in figure 6.8.
The 0 , as used in Chapter V to calculate modal powercoh
distributions is then 0' , related to angles inside the fibre coreecoh
using Snell's law, i.e.
0 , = sin 1coh lni J
sin 0 'ecoh 4.2
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The lens not only has control over the effective source 
coherence, but also over the effective source power. For example, if 
the magnification of the lens is such that the source is imaged to just 
cover the fibre core region, P the effective source power, is
related to the actual source power, P , by
inc ecoh <  el '
4.3
— sin 0"
P Sis
zCD
sin 0" , 0 "  ,cohj [ coh
6 " ,  > evcoh L
In the case of a highly incoherent source (0^q^ large), the
lens numerical aperture (NA = n_^sin0p controls both the power
incident onto the fibre and the coherence of the effective source, and
hence which modes are launched. Usually the lens numerical aperture is
chosen to exceed that of the fibre, and so all bound modes are excited.
However, since the lens is often a high magnification microscope
objective, with NA<0.5, and the NA-of a multimode fibre may be as high
as 0.3, there is the possibility that in some systems, the lens NA may
produce effective sources with 0 . < 0 , and thus not all the boundcoh c
modes will be excited.
At the other extreme, if the source is highly coherent, e.g. 
a laser beam, the coherence properties of the effective source are 
determined by those of that source. Then, if the source has circular 
symmetry, as is provided by a gas laser beam, and is accurately aligned 
with the fibre axis, even though the numerical aperture of the fibre is 
filled with incident light, only the circularly symmetric modes can be 
launched. An examination of an experiment based upon this excitation 
system has shown that erroneous conclusions may be reached by assuming 
that equal excitation of all bound modes is produced by simply filling 
the fibre numerical aperture [21].
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CHAPTER VII
THE PROPAGATION OF THE SPATIAL COHERENCE 
OF OPTICAL FIELDS
7.1 INTRODUCTION - FREESPACE PROPAGATION 
AND COHERENCE ENHANCEMENT
In Chapter II, the freespace propagation of the coherence 
properties of partially coherent optical fields was discussed.
Initially, the propagation of the mutual intensity function, ri2(0), was 
shown to be governed by a generalised form of the Huygens-Fresnel 
integral, derived by both Zernike [1] and Hopkins [2]. When normalised 
by the local intensity, the mutual intensity function gives the degree 
of spatial coherence, Y12- Then, in the general formulation of 
coherence theory due to Wolf [3], this same law was presented in an 
extended form to include path length differences, thus applying to the 
propagation of the mutual coherence function, r i2(x). Finally, the two 
wave equations derived by Wolf [3] that rigorously govern the 
propagation of the mutual coherence function were presented, with an 
outline of their derivation. It was also shown that in the appropriate 
quasimonochromatic approximation, when Av |t | << 1 , the mutual coherence 
function reduces to the mutual intensity function.
In Chapter III, it was noted that the wave equations were used 
by Parrent and Skinner [4] to investigate the far-field intensity 
distribution in the diffraction pattern of a slit illuminated by 
partially coherent light. Other analyses of the intensity distributions 
in the diffraction patterns of apertures illuminated by partially 
coherent fields were also described. Most of these analyses have a 
basic similarity to the Huygens-Fresnel integral, and so could be used 
to examine the coherence properties of the far-field, as was 
demonstrated in the study by Som and Biswas [5].
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All of these analyses are for propagation in an unbounded and 
homogeneous medium- Hopkins' investigations of image formation in 
coherent light (e.g. [6]) took account of finite apertures of an optical
system, and in [21, the light was allowed to have traversed regions of 
various refractive indices in the analysis leading to the definition of 
the coherence function. However, specific effects of an optical system, 
or of some boundary or discontinuity in the medium, on the propgation of 
the coherence of the optical field were not examined.
The first example of an analysis that set out to find the 
effect of finite apertures in an optical system was that of Wolf in 1963 
[7]. In this analysis he showed that the very high spatial coherence of 
laser light was not due to the stimulated emission of the light, but to 
the effective repetition of the diffraction of the light at the cavity 
mirrors and of the propagation of the field between them. An 
interpretation of the result was that sufficient such repetitions 
singled out one mode of the optical system. In the case studied, the 
system was a sequence of equidistant plane apertures, and the initial 
field was the partially coherent light incident on the "first" mirror. 
The conclusion was reached that sufficient transmissions through any 
periodic structure would render even an incoherent, quasimonochromatic 
field spatially totally coherent. The stimulated emission was seen as a 
mechanism that made up for losses during the transmissions of the field. 
As the investigation was of spatial coherence only, a quasimonochromatic 
field was considered, but it was thought that a more general analysis 
based on the mutual coherence function would give essentially the same 
results.
A later study by Allen, Gatehouse and Jones [8] involving 
amplified spontaneous emission (which occurs in the superluminescent 
diode, cf. Chapter VI) showed again that a boundary in the medium 
through which the light passes can affect the coherence of the light.
In their analysis, they directed spatially incoherent, but essentially 
monochromatic, light through tubes of differing internal reflectivities 
and bores. The results showed that a small bore tube with a high 
reflectance could markedly increase the spatial coherence of the 
emerging light. Lower reflectivities, larger bores, or short lengths 
caused smaller improvements over the freespace value. The conclusion
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reached was that images of the source, in the tube walls, increased the 
effective source size, thus increasing the degree of coherence of the 
field. This was confirmed using the van Cittert-Zernike theorem, 
including cross terms, in amplitude, to account for the fact that 
virtual images were not independent incoherent sources.
The propagation of coherence along optical fibres has been 
examined (see e.g. [9-15]), but with most stress upon the temporal 
coherence. This has a direct bearing on the pulse distortion introduced 
by mode dispersion, and is discussed at the end of the next section. A 
general study of the propagation of partially coherent light through 
Selfoc fibres [11] gave the rather misleading result that the original 
coherence (or rather, incoherence) of the source is repeated 
periodically along the fibre. This was a consequence of using an 
infinite parabolic graded index medium to represent the fibre. Hence, 
all radiation from the source into the "fibre" eventually returned to 
the axial region, exactly imaging the source. The two wave equations 
for the propagation of the mutual coherence function [3] and a modal 
expansion based on the infinite medium were used.
In the next section, the propagation of spatial coherence 
along an optical fibre is investigated, and the phenomenon of coherence 
enhancement, mentioned briefly in the study of temporal coherence 
effects in [9], is clearly brought out.
7.2 THE PROPAGATION OF THE DEGREE OF
SPATIAL COHERENCE ALONG OPTICAL FIBRES
(a) Background
The well-known van Cittert-Zernike theorem may be used to
calculate the degree of spatial coherence on a plane illuminated by an
extended, quasimonochromatic, totally incoherent source. In a
circularly symmetric system, the degree of spatial coherence on that
plane, as indicated by R , , the radius of coherence, is a function ofcoh
the angular aperture, a, of the source (see e.g. [16], Chapter X), i.e.
where X is a distance on the plane and Rcoh
freespace wavelength).
ka, with k = 2'tt/X (X is the
This basic theorem has been modified to operate in a multimode 
optical fibre excited by a totally incoherent source [10]. In that 
form, the theorem gives the degree of spatial coherence in a cross- 
section of the fibre, at a large distance from the source, as a function 
of the numerical aperture of the fibre, i.e.
^ 1  2
2J j(VX) 
(VX)~ 2.2
where V = kp(NA) is the dimensionless fibre parameter and X is a 
normalised distance in the fibre cross-section. (NA=n10c, cf. Chapter 
IV) .
When a multimode optical fibre is excited by a highly coherent 
source the fibre mode fields are correlated, or mutually coherent, and 
the coherence properties of the total fibre field along the fibre are a 
consequence of the coherence properties of the source. At the other 
extreme, when the source is highly incoherent the mode fields are 
uncorrelated, as is shown in Chapter IV and [17]. The modified form of 
the van Cittert-Zernike theorem from [10] then operates, and the 
coherence properties of the fibre field are determined by the fibre 
parameters. Between these two extremes there is a transition region in 
which, as the degree of coherence of the source is decreased, the 
coherence of the fibre field ceases to be determined by the source 
coherence and becomes dependent on the fibre parameters. Any further 
decrease in the source coherence beyond this point cannot affect the 
coherence of the fibre field. This latter behaviour of the coherence 
properties of the fibre field is the fibre optics example of coherence 
enhancement (e.g. [7,8]) with the separated, discrete apertures of the
system considered in [7] replaced by the fixed, "continuous" numerical 
aperture of the fibre.
The techniques developed in the previous chapter of this
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thesis provide the required tools to examine this problem. Initially, 
the rather intuitive approach to partial coherence, as discussed in 
sections 2.4, 3.5 and 4.2(c), is used to extend the modified van 
Cittert-Zernike theorem to include optical fibre excitation by partially 
coherent sources. This approach uses the directivity of the radiance 
from the source and geometric optics, and is therefore restricted to the 
more incoherent situations and large V fibres, as noted in e.g. Chapter 
V.
The modal analysis of the excitation of a step index fibre by 
a quasimonochromatic, partially coherent source (section 5.2) provides 
the detail necessary to calculate the actual degree of coherence of the 
total fibre field. This is used to examine the results predicted using 
the geometric optics approach, and to obtain some results not possible 
with the simpler method.
The fibres considered are multimode (V >> 1) , weakly guiding
(0 small), step index fibres, with core radius p. As before c
V = kp n} sin 0 with cos 0^  = n2/n1 , where nx and n2 (< n1 ) are respectively 
the core and cladding refractive indices. The fibre is assumed to lie 
along the z-axis with the plane of the entrance face at z = 0.
The source considered here is again the field in the z = 0 
plane. It is assumed to be quasimonochromatic, statistically stationary, 
isotropic, homogeneous and unpolarised.
(b) Geometric Optics Approach
In the earlier chapters, the partially coherent source was
characterised by an angle of coherence, 6 which more or less defined
the angular limit of the radiance distribution from the source. This
angle was related to the more formally defined radius of coherence,
R , , by (see e.g. Chapter III) coh
coh kp n, R , '1 coh
2.3
where R is measured in units of fibre core radius and the source coh
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field just covers the core end face, k = 2tt/A, with A the freespace
wavelength and Ö , is defined within the fibre core (which has coh
refractive index nj).
This angle can also be defined in terms of an ensemble, or 
angular spectrum, of independent plane waves used to represent the far 
field of the source or the source itself (Chapter III).
If the angle of coherence of the source field is compared to
the critical angle in the fibre, 0 , then two distinct regimes result:—c
(a) 0 < 0 , . The fibre determines which of the components of thec coh
source radiation propagate along the fibre, and hence the degree of 
coherence of the fibre field depends on the fibre parameters. This is 
the same situation as was encountered in the totally incoherent case in 
[10].
(b) 0 > 0  , . All the radiation from the source remains trappedc coh
within the fibre core so that the coherence of the source is propagated 
largely unchanged along the fibre.
(This statement requires modification because of the mode 
dispersion in the fibre and the finite coherence length of any physical 
source; this is returned to below.)
To illustrate this, the source described above is assumed to 
have a degree of spatial coherence given by
Y (S) 2J.<S/Rcoh>S/Rcoh
2.4
where S = s/p is a normalised length on the end of the fibre core (cf. 
Chapter V).
The results from [10] and the arguments above then predict 
that in a cross-section along the fibre, sufficiently far from the 
source that contributions from tunnelling rays may be ignored, the 
degree of coherence is
2Jj(S/Rf)
s7r~Y(S) 2.5
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where
R, = R , , 0 > 0 , ; i .e . R > V- 1 ,f coh c coh coh
2.6
7- l 0 < 0  , ; i.e.R , <  V 1 .c coh coh
These equations form the extended van Cittert-Zemike theorem 
for multimode fibre excited by quasimonochromatic, partially coherent 
sources.
(c) Modal Analysis
The analysis of section 5.2(a) is used here to find the bound 
mode strengths of the step index fibre excited by a partially coherent 
source. The analysis is concerned with spatial coherence so that the 
quasimonochromatic assumption is used to exclude the effects of the 
temporal coherence . The temporal coherence may be related to the finite 
bandwidth of the source.
In any cross-section of the fibre, the total guided fibre 
field may be expressed as a sum over the bound mode fields, i.e. (cf. 
Chapter IV),
-iß z
E (r) = 2 a e (r) e P , 2.7- - p -p -P
where, as before, a , e and ß are the amplitude coefficient (strength),P P
transverse electric field vector and propagation constant of the p 
mode, and r is the radial vector in the fibre cross-section.
The degree of spatial coherence is defined by (cf. Chapter II),
Y(£jrl2)
< E(rx) .E (r2) ) 
(Iil2 )
2.8
*where 1^ = ( E(rd .E (r J ) is the intensity at point r. , ( ) indicates a
time average, and * the complex conjugate.
Substituting from (2,7) and noting that the mode fields are
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functions of real variables, and are time invariant, gives
7 (£i,r2)
< |a I2 )
= 2 — £— — e (r1) e (r2 ) + 2
(I1i2) 2 p p p^ q
< a a >p q
d i i 2 )% e (ri )e (r2)"p - _q "
i (ß -ß ) zq p
2.9
In a spatially invariant situation, as is assumed here,
y(r1,r2) = y(S) 2.10
where S = s/p, with s = |s| = |r2 - |, and Ix = I2 .
The second term in (2.9) is made up of contributions that 
oscillate at frequencies cos(ß - ß  )z as the field propagates along theq p
fibre. The contributions represent the interference or beating of the 
mode field pairs as they propagate along the fibre at different z-
directed velocities, 
form (cf. Chapter V)
Consideration of the (a a > terms, which have theP q
< a a ) P q E (r,) .e (r, ) dr, -s - 1 -p - 1 E (r2) .e (r2) dr2 ) ,-s - -q ~ - 2.11
where E is the source field, and the integrals are separately over the~s
source area, shows that mode pairs giving a non-zero contribution must 
have the same symmetry, polarisation and azimuthal mode number, t.
■kAlso, an approximation for (a a ) given in section 5.2(b), applicable
P q
when R , << 1, shows that contributions are approximately zero unless coh
both of the pair of modes have the same radial mode number, m. In fact, 
in the large V limit, it has been shown [17] that with totally 
incoherent excitation the cross term contributions must be zero as 
then all the modes are independent.
The theory developed here considers only the spatial coherence 
of the source, and so the second term contributions appear to persist 
for all z. The analysis in e.g. [9,14] show that this is not the case, 
and this is discussed at the end of this section.
For the present, it is noted that for highly incoherent
excitation, or when V is large, so that R «  p, it is safe to assumecoh
that the degree of coherence is accurately given by just the first term 
in (2.9), and so is independent of z.
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(d) Results
In figure 7.1, the radius of coherence R in a cross-section
of the fibre, far from the source, is plotted against the radius of
coherence of the source R , . In the figure V = 15, the continuous curvecoh
is the geometric optics result from section 2(b), and the broken curve
is the result given by the (z-independent) first term of (2.9); both R
and R , are measured in units of p, the fibre radius, coh
The abrupt change in behaviour at V = R_1, (i.e. 0 , =0 )coh coh c
predicted by the geometric optics law is well supported by the modal
result, and clearly the geometric optics result is quite accurate for
R , <0.2. For values of R , greater than this the source appears to coh coh
be essentially coherent as far as the mode fields are concerned, and so 
neither curve is appropriate as no interference effects have been 
included in the deviation of either.
In figures 7.2 and 7.3, the degrees of coherence, y(S), in a 
cross section, as predicted by geometric optics (2.6), is compared to 
that obtained using the first term in (2.9). For the modal calculation 
r1 and r2 were chosen along a diameter; (rj = (x:,yx) = (-p/2,0) and 
(r2 =(s- p/2,0).). In these figures, V = 10 and R ^ = 0.05 (fig. 7.2) and 
0.2 (fig. 7.3). In the highly incoherent case (fig. 7.2), there is good 
agreement between the two curves for Y(S) against S, and it is clear 
that the fibre has enhanced the spatial coherence of the radiation.
When the source is made more coherent (fig. 7.3), the agreement between 
the two curves for y(S) is poor, and in fact the coherence along the 
fibre is determined by that of the source.
(e) Comments
The modified van Cittert-Zernike theorem from [10] has been 
extended to include excitation of an optical fibres by partially 
coherent sources. An abrupt change in behaviour of the propagated 
degree of coherence from a dependence on the fibre parameter V, to a 
dependence on the source radius of coherence, R , when Rcoy1 = v 
predicted by this theorem. This is confirmed by a modal analysis.
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F i g .  7 . 1 :  The r a d i u s  o f  c o h e r e n c e ,  R f , i n  a f i b r e  c r o s s - s e c t i o n  f a r
f r o m  t h e  s o u r c e ,  vs  t h e  r a d i u s  o f  c o h e r e n c e ,  R ^ ^ , o f  t h e  s o u r c e
( G e o m e t r i c  o p t i c s  r e s u l t  ( 2 . 6 )  --------- ; modal  r e s u l t ,  1 s t  t e r m  o f
( 2 . 9 ) ---------- ; V = 1 5 . )
How eve r ,  t h i s  m od al  a n a l y s i s  i s  r e s t r i c t e d  t o  a  h i g h l y
i n c o h e r e n t  o r  l a r g e  V s i t u a t i o n ,  w h e r e  R , << p .  When t h i s  i s  n o t  t h ecoh
c a s e ,  t h e  i n t e r f e r e n c e  b e t w e e n  mode f i e l d s  bec o m e s  i m p o r t a n t ,  an d  t h e  
a n a l y s i s  i s  no l o n g e r  v a l i d  a s  i t  d o e s  n o t  t a k e  t h i s  i n t o  a c c o u n t .  I n  
f a c t ,  a s  i t  i s  an  e s s e n t i a l l y  m o n o c h r o m a t i c  a n a l y s i s ,  t h e  i n t e r f e r e n c e  
t e r m s  a r e  n o t  p r o p e r l y  e x p r e s s e d  i n  ( 2 . 9 ) .  T h i s  e q u a t i o n  s h o u l d  b e  
b a s e d  upon t h e  d e f i n i t i o n  o f  t h e  d e g r e e  o f  c o h e r e n c e  Y1 2 (t ) ,  d e r i v e d  
f r o m  t h e  m u t u a l  c o h e r e n c e  f u n c t i o n  ( c f .  C h a p t e r  I I )  an d  s o  i n c l u d e  mode 
d i s p e r s i o n  e f f e c t s .  T h i s  w o u ld  b e  b e t t e r  d e s c r i b e d  i n  t e r m s  o f  an 
e n s e m b l e  a v e r a g e  o v e r  f r e q u e n c y  c o m p o n e n t s  ( s e e  e . g .  [ 9 , 1 1 , 1 2 , 1 4 ] ) .
The t e m p o r a l  c o h e r e n c e  o f  a  s o u r c e  may b e  c h a r a c t e r i s e d  by a
c o h e r e n c e  t i m e ,  t  , . The e f f e c t  o f  t h i s ,  w i t h  r e f e r e n c e  t o  t h e  c r o s s  coh
t e r m s  r e p r e s e n t i n g  t h e  i n t e r f e r e n c e  b e t w e e n  m odes ,  may be  s e e n  by 
e x a m i n i n g  a p a r t i c u l a r  mode p a i r  a t  d i f f e r e n t  d i s t a n c e s  a l o n g  t h e  f i b r e  
As t h e  two modes  p r o p a t a t e  a t  d i f f e r e n t  z - d i r e c t e d  ( g r o u p )  v e l o c i t i e s ,  t h e y  
become more an d  more " o u t  o f  s t e p " ,  i . e .  t h e  t i m e  t a k e n  by o n e  mode t o
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S= V,
F i g .  7 . 2 :  D e g r e e  o f  c o h e r e n c e  y ( S )  i n  a f i b r e  c r o s s - s e c t i o n  vs  S f o r
s o u r c e  r a d i u s  o f  c o h e r e n c e  Rc o ^ = 0 . 0 5 .
—4 - 2  0 -2 -4 -6 -8 10
F i g .  7 . 3 :  D e g ree  o f  c o h e r e n c e  Y(S) i n  a  f i b r e  c r o s s - s e c t i o n  V S  S f o r
s o u r c e  r a d i u s  o f  c o h e r e n c e  Rcoh = 0 • 2 .
I n  b o t h  f i g u r e s ,  S i s  m e a s u r e d  a s  i n d i c a t e d  i n  t h e  i n s e t  and i n
t h e  t e x t :  m o d a l  r e s u l t ,  1 s t  t e r m  o f  ( 2 . 9 )  --------- ; g e o m e t r i c  o p t i c s
r e s u l t  ( 2 . 6 ) ---------- ; s o u r c e  d e g r e e  o f  c o h e r e n c e ------- - .  (V = 10 f i b r e ,
a l l  d i m e n s i o n s  n o r m a l i s e d  b y  p ,  t h e  f i b r e  r a d i u s . )
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reach a certain distance z is t = z/cos 0 , while the other mode hasP P
taken t = z/cos 0 . Here 0 and 0 correspond to the anqles to the z-q q p q
axis of the equivalent ray families of the modes. After some critical
distance z (pq), the condition is reached where c
|t - t | >  t 2.12p q coh
Thereafter, the pair of modes p,q cannot interfere, and they no longer 
contribute to the cross term. When p and q represent the "slowest" and 
"fastest" modes respectively, then beyond z^Ppq) there can be no 
contribution to the cross term. This was discussed in [15], where it 
was assumed that Av << V, i.e. the source bandwidth was small compared 
to the central frequency. However, the situation along the fibre did 
not correspond to the quasimonochromatic approximation, as this requires 
A v ITI << 1 [3], and this is not the case when T ~ t , . In [14], the 
existence of these cross terms (interference terms) was used to 
estimate mode delays in optical fibres. A study of the effect of the 
temporal coherence of the source on pulse propagation has been carried 
out by Miyazaki [12].
The geometric optics result will also apply to graded index
fibres, but the abrupt change at R =V 1 will be more gradual. Thiscoh
is a consequence of the radial variation in the acceptance angle for
bound rays, given by 0 (r) = cos 1(n 7/n (r)), where n^ (r) is thec c u co co
varying refractive index of the fibre core, r being the radial variable.
Thus in the argument in section 2(b), it is possible to have 0 ^ such
that 0 , >0 (r) for 0 <  r <  p, but it is also possible to have the coh c
situation where 0 (p) <0 , <0 (0). If the profile is continuousc coh c
(n (p) = n -,) then 0 (p) = 0 and there can be no 0 < 0 (r) for all r.co cl c coh c
This suggests that in any cross-section, there will be a central region,
radius r , in which the coherence properties will be that of the source, c
since at the source for 0 ^  r ^ r , 0 ^  0 (r ) and all rays from thatc coh c c
part of the source will reach any cross-section. Beyond that radius,
0 >0 (r), and there would seem to be increasing coherence enhancementcoh c
toward the core-cladding interface.
Throughout the analyses above, the leaky modes or tunnelling 
rays have been ignored. If a cross-section of the fibre close to the
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source is considered, then these can still be carrying significant
power. In terms of the geometric optics result, this means that some
effective increase in 6 would have to be allowed for, perhaps basedc
upon the results obtained in section 5.3, where the power in the various 
ray types was examined using an ensemble of plane waves approach. In 
the modal analysis, the leaky modes would make large contributions to 
the cross term in (2.9) as their mode fields extend far from the core.
However, these contributions fall off rapidly with increasing z through 
radiation losses.
&
7.3 COHERENCE PROPERTIES IN THE IMAGE 
OF A PARTIALLY COHERENT OBJECT
(a) Introduction — Intuitive Ideas
In many cases, the coupling efficiency of an incoherent source 
into a multimode optical fibre is increased by imaging it onto the 
entrance face of the fibre core. This is only advantageous if the fibre 
core radius is larger than that of the source. It is usual in such 
cases to assume that as long as the numerical aperture of the fibre is 
filled with the incident light, all the bound modes of the fibre are 
excited (e.g. [18]). Under certain circumstances, this assumption may
not be valid (cf. Chapter V), for example, when the primary source is 
not highly incoherent.
The degree of coherence in the image of a partially coherent 
source is an important parameter in many optical systems other than 
optical fibre excitation systems, e.g. microscopy [16]. The subject has 
received some attention in terms of the propagation of the coherence 
properties of a field through an optical system (e.g. [7]). Here it is 
the degree of spatial coherence in the image of a partially coherent 
object that is investigated [19].
In the image plane of a lens, the smallest areas of coherence, 
assuming a totally incoherent object, have radius of coherence FL =r^, 
given by the Airy disc radius (see [17], chapter VIII). This represents 
the minimum image coherence radius possible. When the object is 
coherent enough to produce an image with radius of coherence > r^» for
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a diffraction limited system, "the coherence is propagated according to 
the laws of geometric optics" [20]. Thus, noting the relationship 
between image and object planes (conjugate planes), and using the 
results in [20], the radius of coherence in the image of a partially 
coherent source is given by
R . = MR , MR > r ,l o o A
MR <  r , o A
3.1
where M is the transverse magnification of the system and R is theo
radius of coherence of the object. This law is drawn in figure 7.4.
The validity of this result requires examination, and so the 
intuitive ideas about partially coherent fields and radiance from 
Chapters II and III are used to provide an initial proof. A more 
rigorous Fourier optics proof is then developed. In both proofs the 
finite aperture of the lens must be taken into account as this 
determines which of the components of the source field (object) reach 
the image plane.
(b) Geometric Optics Proof
Following the earlier definitions (Chapters II and III), the 
partially coherent source field (object) has a characteristic coherence 
angle defined by
3.2
(Throughout this analysis, the small angle approximation is made, i.e. 
sin 0 ~ 0 .)
Similarly, in the image plane
With reference to figure 7.5, there are two cases to consider:
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rA
9*
Fig. 7.4: The image radius of coherence, R^  , as a function of the
object radius of coherence, Rq , for a simple lens system. M is the 
transverse magnification and rA is the lens aperture Airy disc 
radius in the image plane.
(a) Qco < 0£o, where is the numerical aperture (NA) of the lens
in the object space. The magnification of the lens then gives
0co
M 3.4
Then (3.2), (3.3) and (3.4) combine to give
R. - MR 
l  <
3.5o
as predicted (both 0 and 0^ are defined in the object space medium).
3.6
Then
0ci =  0li 3.7
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Fig. 7.5: The geometry of the lens system. M = d^/dQ is the
magnification. The axis of the system is taken to be the
transverse 
z-axis.
However, the lens angle in the image space, 0-^, corresponds 
to the Airy disc angular radius in the image plane, so that
R. = r . 3.8l A
Hence the rather informal ideas about partial coherence, 
derived from just the directivity of the radiance distribution of a 
partially coherent field, exactly confirm the very intuitive result 
embodied in (3.1). This kind of approach is necessarily limited to 
the more incoherent situations when the radius of coherence is small 
compared to the source radius (cf. Chapter II).
In terms of the plane wave ensemble representation of 
partially coherent fields, discussed in Chapters II and III, it can be 
seen that the lens aperture affects the coherence of the image by 
reducing the maximum angle of the plane wave spectrum, 6 , if
0 >  ®Zo‘ T*ie ma9n:’Lfication again gives 0 ^  = 0^/M and the same result
is obtained.
/
(c) Fourier Theory
For a more formal examination, the methods of Fourier optics 
(e.g. [21]) are employed. The standard quasimonochromatic approach is
used and polarisation effects are ignored so that the scalar quantity U, 
the complex amplitude, may be used to represent the optical field. This 
may be considered as one component of a more general vector field 
representation. The optical system is assumed to be isoplanatic and 
then, following Goodman's notation (see [21], pp.95-6) with subscripts o 
and i for object and image variables as before,
U . (x.,y . )l l i
r f ~ ^X
h (x. - x , y . - y  )M 1 U ___o y1 1 l o Ji 7o o M ' M dx dy o o 3.9
where the object coordinates x ,y giveo o
x = - Mx ,o o y = - Myo o 3.10
in the image plane. The lens point spread function is
h ( x . ,y . )l i
-2iTi (x . E, + y . g) /Ad . 
p(£,n) e i i i  d^dr) ^ 3.11
where P is the pupil function and d_^  is defined in figure 7.5.
The mutual intensity function T12 is defined for the points 
R 'R 0 2 in t i^e object by
r. ,(R , ,R 0) = (U ( R 1)U (R )> ,12 —ol -o2 o -ol o -o2 3.12
where ( ) indicates a time average and * the complex conjugate.
These ideas may be used to obtain the mutual intensity 
function in the image plane, where, adopting a convenient vector 
notation to indicate position in both object and image planes,
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If the object is assumed to be unpolarised, homogeneous,
isotropic and statistically stationary the mutual intensity function is
a function only of the separation between the two points 1 and 2, i.e.
IR I, thus -ol2
r’ (R R ) o -ol,-o2 R ~ R J  ) = r ( | R-ol ~o2 o '~ol2 3.14
Further, if the optical system is assumed to be isoplanatic, 
then T. is also uniform and is therefore a function ofl
-il2 -il -i2 ' 3.15
Then
r. (R. ) = M 2 h (R.,_ - X) ® \h (R , - X) » r R-ol2i -il2 -il2 - -ol 2 - 3.16
where 8 has been introduced to indicate convolution, R = R , -R _ and-ol2 -ol -o2
X = R - R . This equation may be solved using Fourier transforms -ol -i2
[27]; the transform of T^ involves the product of the transforms of h,£  ^h and T . The transform of h, and hence h , is already known from the o
definition in (3.11); that of depends on the form of the coherence 
function chosen.
Systems with circular symmetry are of interest here, so the 
commonly occurring Besinc function form of the coherence function is 
adopted as before. In the present notation this takes the form
2Ji (a |r n J/R )1 o ' o!21 o ^
(a IR _ J/R ) * oo 1 ol2I o
3.17
where a (« 3.83) is the first zero of the Bessel function Jlf R is the o o
radius of coherence and the object intensity I is set = 1 for the rest
of the analysis. The transform of T (- R ,_/M) required in (3.15) is-ol2
then a circ function [21] , with cut-off frequency
Vc VGO
ao
2ttR M o
3.18
The lens is assumed aberration-free for the present, so that 
for a lens of radius L, (3.11) gives another circ function for the
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transform of h, with cut-off frequency
V
C 7- A (3 2 t r . 3.19
where the standard formula for the Airy disc radius r^ has been employed.
The convolution theorem (e.g [21]) applied to (3.15) now gives 
the transform of I\ as a circ function with cut-off frequency
Vc V c l ' vcZ < VC O
v c l
> V
CO
The inverse transform is therefore a Besinc function
with
ri<-il2) = •V Ip I) — const.
2Jj '“o l S n z I / V
ao (1-il2l/Ri> '
where
MR , o
ao <
aoK . 1 (21TR M) o (27irA) '
ao >
ao
rA ' (2ttR M) o (27rrA)
as predicted in (3.1) *
The conditions under which this law is exact are:
3.20
3.21
3.22
(1) The optical system must be circularly symmetric and 
isoplanatic;
(2) The object must be uniform and large compared to Rq 
(theoretically, the source should be infinite, since in (3.16) 
extends over all space);
(3) The coherence function must have the commonly occurring Besinc 
form.
This result also provides a precise mathematical definition of
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the radius of coherence, R; the coherence fraction drops to zero from
its central maximum over this distance. (The conventional definition of
the radius of coherence, R , , differs from this R by the constant a ,coh o
cf. Chapter II.)
(d) Comments
In the above example, the form of the coherence function, F, 
remained unchanged by the mapping from object to image, only the radius 
of coherence varied. In general, this will not be so, and only occurred 
above because the object coherence function and the lens point spread 
function had the same form: both having the circ function for the
Fourier transform, the product of these transforms was again the circ 
function.
If the transform of has a cut-off frequency V , then T^
will always have the same form as T when V < V , the lens pointo co cl
spread function transform cut-off frequency (3.20). However, when
V >v 7, the transform frequency domain is controlled by V 7, and the
point spread function form of T^ is only obtained when the transform of
F is a circ function, o
For example, if a different form of is chosen such that
T (R ,R ) o -ol -o2
8J2(b lR , J / RJ  o ~ol2 o
(b |R 10|/R )o >-ol2I o
3.23
where b -5.14 is the first zero of the Bessel function J9, then o
V 7 = b / (2ttMR ) . In this case, when 
o L o o
Ro
b r o A
a M o
1.34 rA
M 3.24
T. has the same form as Y , and as before 1 o
R. = MR . 3.25l o
However, for values of MR <1.34 r , the convolution does noto A
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Fig. 7.6: The image radius of coherence, Rj_, as a function of the
object radius of coherence, RQ . In this case, the coherence 
function is given by (3.23) and = MRq only when RQ >  1.34 rA/M. 
M is the lens magnification, rA is the Airy disc radius in the 
image.
yield the same form for T . and in fact there is a slow transition froml
R. = const. to R. = MR , over the range of 0 <  R <1.34 r /M, as the lens i l o o A
aperture ceases to control the coherence in the image, and the source 
coherence takes over. This is indicated in figure 7.6.
The examples quoted here both show the general validity of the 
result in (3.1), so that while it is accepted that it is only exact in 
certain circumstances, it may be used to investigate more complicated 
systems with some confidence.
For example, the results here may be extended to cover the
case when the image and object spaces have different refractive indices.
Thus, in (3.2) and (3.3) , k is replaced by k = 2irn / A  and k. = 27m./ Ao O 1 1
respectively.
It should be noted that since h and h are involved (e.g. in
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(3.16)) the phase terms in the pupil function have no effect on the 
result, and so the usual result [22] that lens aberrations have no 
effect on the spatial coherence of the image is obtained.
The propagation of spatial coherence through some general 
optical system may be traced using these results. For each element, the 
image degree of coherence may be obtained from the object coherence and 
lens numerical aperture. This image then forms the object for the next 
element, and so on. For example, if there are two lenses, with Airy 
disc radii r ^  and r ^ , and magnifications M^ and , the final image 
(following lens 2) has radius of coherence
R.l max irA2 ' M r  , M M R  } 2 Al 1 2 o 3.26
where R^ is the radius of coherence of the object for the first lens.
All the time the lens apertures are controlling the image
radius of coherence, there is enhancement of spatial coherence by the
system (cf. section 7.1). However, in the region where R. = MR , thei o
following simple scaling law
3.27
where and are the image and object sizes (e.g. diameter) shows 
that in fact the relative radius of coherence is unchanged. Thus the 
correlations between pairs of points remain unaltered by the passage of 
the light through the lens.
It is possible to extend this whole analysis to deal with 
imaging in polychromatic light. The coherence function Y above then 
becomes the cross-spectral density function for a single monochromatic 
component of the field, and the average denoted by ( ) is an ensemble
average. The effects of chromatic aberration would be expected to be 
significant as the magnification and Airy disc radius are functions of 
wavelength.
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CHAPTER VIII 
SMALL V FIBRES
8.1 THE RELEVANCE OF SMALL V FIBRES
In the preceding chapters attention has been limited to the 
large V fibres, which have radii large compared to the wavelength of 
light and which can support very many bound modes. This restriction to 
large V fibres has arisen from the practical requirement of dealing with 
fibres of current interest for communications purposes, and from the 
physical and mathematical restrictions imposed by diffraction theory, 
the mode theory developed and geometric optics. When the radius of a 
fibre is comparable with the wavelength geometric optics and rays no 
longer provide an accurate description of the propagation of light along 
the fibre and it is necessary to use mode theory.
In this chapter the small V fibres are discussed with 
reference to the mode theory developed above, but in a largely 
qualitative manner. This lack of detail or formality is excusable on 
the grounds that in many cases it is appropriate, as will become 
apparent.
The small V fibre is important for two reasons. Firstly, 
although the multimode fibre is still of greater current interest for 
communications purposes, there has always been a continuing interest in 
the monomode communications fibre [1]. Recently such fibres have begun 
to seriously rival the alternative multimode fibres because of improve­
ments in both sources and the fibres themselves.
The other reason for considering the small V fibres is derived 
from the successful application of optical waveguide theory to visual 
photoreceptors [2]. These may be considered as small V fibres with
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approximately circular cross-sections and relatively small length to 
radius ratios. In this application the important aspect is that of 
absorption of the light in the fibre, so that the acceptance properties 
of the fibre are of great importance.
8.2 MONOMODE COMMUNICATIONS FIBRES
The monomode fibres offer great advantages in terms of band­
width and therefore information capacity. The mode dispersion in any 
multimode fibre, caused by the differing mode group velocities, sets the 
limit on the information rate that can be used [1]. In the monomode 
fibre, this effect is totally absent, and the bandwidth is limited by 
material dispersion (the variation of refractive index with wavelength) 
and waveguide dispersion (the variation of an individual mode group 
velocity with wavelength). Since such a fibre is invariably excited by 
a laser, hopefully operating monomode and so producing highly mono­
chromatic and coherent light, these effects, and the bandwidth, are 
largely source dependent. The recent improvements in the diode lasers 
(cf. Chapter VI), and in fibre technology, have made monomode fibre 
systems a viable alternative.
However, against this must be set the actual difficulties in 
both making and operating such a system. In order to operate monomode, 
the step and graded index fibres must be made with such a small V that 
only the HE1L mode can propagate. For the step index fibre this 
requires V <  2.405, and for the parabolic graded index fibre, V < 3.5 
[3]. Other structures have been proposed that only support one mode, 
but these are essentially more complicated structures (e.g. [1]) and do
not fit into the classes of fibres considered here.
The small V's required mean that the fibres are physically 
very small with core radii in the range 2 ~ 5 ym. Efficient excitation 
and cable jointing is therefore very difficult. The alignment problems 
involved in efficiently coupling such a fibre to a stripe geometry 
laser, with a radiating face some 1 ym x 10 ym are extreme, but recent 
work suggests that the problems are not insuperable (e.g. [4]).
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While the general mode theory developed in Chapters IV and V 
was for large V fibres, the comments in Chapter IV indicate that small V 
fibres may be safely included (this is based on the use of the Born- 
Kirchhoff approximation). The excitation of such a fibre by some 
partially coherent source, and the resulting modal power distribution, 
may therefore be discussed in terms of the results in section 5.2(d).
When the radius of a fibre, p, is only a few multiples of the
wavelength, A, it becomes clear that even a highly incoherent source
field, with radius of coherence, R appears relatively coherent to
the fibre, since then R , >A (cf. Chapter II) and therefore R , % pcoh coh
(see Chapter V, fig. 5.5).
With very low V fibres, the propagating modes are not far from 
cut-off, and so the mode fields extend well beyond the core-cladding 
interface. The size of the source field can then play a more important 
part in determining the modal power distribution than can the rather 
restricted range of the size of the coherence areas of the source. This 
is suggested in figure 5.5. The details of the effects of varying the 
source size, D, and the fibre size, V, for a coherent source have been 
dealt with extensively elsewhere [5,6].
8.3 VISUAL PHOTORECEPTORS
It is well established that the visual photoreceptors in both 
image forming (lens-type) and compound eyes may be modelled by small V 
optical waveguides. Many aspects of vision have been successfully 
explained in this way (e.g. [7]) and not only have waveguide modes been
observed in such photoreceptors, but these modes have been used to 
investigate the physical properties of the receptors. The recent book 
edited by Snyder and Menzel contains many examples of these uses of 
waveguide theory in vision research [2].
The light received by the eyes is typically highly incoherent, 
e.g. scattered sunlight, which has a radius of coherence < 50 y [8]. 
However, this light is processed by various lens systems before forming 
the excitation field on the end of the visual receptors. The results
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presented in the foregoing chapters suggest that this field may there­
fore have various degrees of coherence, and this may change the way in 
which the light is absorbed in the receptors.
As is suggested above, the cross-section of a small V fibre 
may be as small as the coherence area of the most incoherent physical 
source. In the extreme case of a monomode fibre, any light field on the 
end of the fibre can only excite the one bound mode, regardless of its 
coherence properties (but light must enter the fibre at 0 <  0n  to 
excite the HE^ mode). Visual photoreceptors are certainly small with V 
values ranging from 1 to 10, with a bias toward values < 5.
The optical systems involved in eyes, either the lens of the 
image forming eye, or the individual corneal lenses of the compound eye, 
include an aperture and some focusing effect. In many studies, the Airy 
disc formed on the end of the receptor is used in calculations of light 
absorption properties of the receptor. From the results of Chapter VII, 
it is clear that if the incident light is highly incoherent, it is the 
lens numerical aperture that determines the coherence properties in the 
image formed (fig. 7.4), and that the radius of coherence is then equal 
to the Airy disc radius. In the studies in [2], the Airy disc radius is 
taken to be comparable to the receptor radius, and so it would seem that 
regardless of the coherence in the object viewed, the photoreceptors are 
excited by an essentially coherent field. The analyses based upon plane 
wave excitation of the fibre should therefore provide accurate results.
In many studies of photoreceptors, the actual transmitted mode 
patterns are viewed (e.g. [2]). The presence of particular mode types
gives information about the V value of the fibre, for example. The 
ability of an observer to recognise a particular mode will depend in 
part on the predominance of a particular mode pattern in the total 
intensity pattern viewed on the end of the fibre. This intensity 
pattern is the sum of all transmitted mode intensity patterns and is a 
consequence of the modal power distribution excited in the fibre. This 
distribution has been shown to be a function not only of V and the size 
of the source (radius D), but also of the radius of coherence of the 
source. It is possible to investigate the likely effects of the degree 
of coherence of the light input to the photoreceptors in such an
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Fig. 8.1: The visibilities (8.1) of the modes as a function of
I^oh for D=1 and 2 on a fibre with V = 4. (Note: the visibilities
of the non HEj x modes, for D=l, do not go to zero as is
increased; there is always a finite contribution from any HE-^ mode 
that is above cut-off. The scale in this figure does not allow the 
very small visibilities to be displayed.)
experiment by defining a mode visibility by
l/P
< I
q
8.1
where the a 'sq are the mode amplitude coefficients of the bound modes as
1808.3
Fig. 8.2: The visibilities of the HE^ and HE12 modes for D=1 and 2 as
a function of V. (R , =5.0 p.)coh
defined in Chapters IV and V.
The variation of V with both D, the normalised source radius,P
and R , (both measured in units of fibre radius, P) is shown in figure
Coh th8.1. In this figure the visibility of the Im mode is plotted as a
function of R , for two values of D (1 and 2) for a fibre with V=4. coh
It can be seen that with D=l, the more coherent sources give "perfect" 
visibility of the HEi:i mode, but with D = 2, no matter how coherent the 
source, it will always be difficult to distinguish between the HEXx and 
HE12 modes, particularly since they both have circularly symmetric 
intensity distributions. With larger V fibres, more modes are launched, 
and the picture becomes more confused, especially for larger D values.
In order to measure the physical parameters of photoreceptors, a common 
procedure is to change the wavelength of the light directed onto the end 
of the receptors, thus varying V. The appearance or disappearance of
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particular inodes can then be interpreted in terms of their cut-off
values [9] to yield the required information. However, the presence of
leaky modes makes this technique less precise than might be expected
[10]. There is also the problem that the visibility is sensitive to D,
so that an unfortunate choice of source size could make this technique
even less precise. As an example of this, the visibilities of the HEX1
and HE12 modes are shown in figure 8.2 as functions of V for D = 1 and
D=2 (R , =5.0). While it is unlikely that the discrimination between coh
these two modes would actually be used, it serves to indicate the effect 
of changing D. The appearance of the total intensity pattern is not 
likely to change much as V is increased through 3.83 (when the HE12 mode 
becomes a bound mode) for D=l. However, for D = 2, the visibilities as 
defined in (8.1) change markedly at this point. It would be more 
natural to use the appearance of the HE2l mode, which does not have a 
circularly symmetric intensity pattern in such a test; in which case, 
either a more incoherent or non-circularly symmetric field would be 
preferable, but there would still be the same sensitivity to changes in 
D.
182
REFERENCES
1. S.E. Miller, E.A.J. Marcatili and T. Li, "Research toward optical
fibre transmission systems", Proc. IEEE 61^ , 1703 (1973).
2. A.W. Snyder and R. Menzel (eds.), ”Photoreceptor Optics", Springer-
Verlag, Berlin (1974) .
3. W.A. Gambling, D.N. Payne and H. Matsumura, "Cut-off frequency in
radially inhomogeneous single-mode fibre", Electron. Lett. 13, 
139 (1977).
4. D.C. Krupka, "Transverse mode control in multimode double-hetero­
structure junction lasers optically coupled to single-mode 
fibers", IEEE J-QE 11, 503 (1975).
5. A.W. Snyder, C. Pask and D.J. Mitchell, "Light acceptance property
of an optical fiber", J. Opt. Soc. Amer. 6_3, 59 (1973).
6. C. Pask and A.W. Snyder, "Light acceptance property of an optical
fiber", Appl. Opt. 13_, 1889 (1974).
7. A.W. Snyder and C. Pask, "The Stiles-Crawford effect — explanation
and consequences", Vision Res. 13, 2605 (1973).
8. M. Born and E. Wolf, "Principles of Optics", 4th edition, Pergamon
Press, London (1970).
9. J.M. Enoch, "Optical properties of the retinal receptors", J. Opt.
Soc. Amer. 5J3, 71 (1963) .
10. R.A. Sammut and A.W. Snyder, "Ambiguity in determination of wave­
guide parameter V from mode cutoffs", Vision Res. 16_, 881 
(1976).
